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I. Introduction

In this report, a computer program which solves the disper-
sion relation of waves in a magnetized plasma is de-
scribed. The dielectric tensor ¢ 1s derived using the
kinetic theory of homogeneous plasmas with Maxwellian velo-
city distributions. Up to six different plasma components
can be included in this version of the program, and each
component is specified by its density, temperature, par-
ticle mass, anisotropy and drift velocity along the magne-
tic field. The program is thus applicable to a very wide
class of plasmas, and the method should in general be use-
ful whenever a homogeneous magnetized plasma can be
approximated by a linear combination of Maxwellian compo-

nents.

The general theory underlying the program is outlined in
the next section. It is shown that by introducing a Padé
approximant for the plasma dispersion function Z, the infi-
nite sums of modified Bessel functions which appear in the
dielectric tensor g( w, k) may be reduced to a summable
form. The resulting expression for ¢(w, k) is valid for all
real k and very well suited for numerical evalution. The
Padé approximant is derived in section 1III, where the
accuracy of the approximation is also discussed.

In the following sections the subroutines making up the
program are described, starting at the bottom level in sec-
tion IV and reaching the main program in section VII.
Finally the results are discussed in the last section.




II. Theory

Let us consider a homogeneous, magnetized multicomponent
plasma. Each component consists of particles with charge gy
and mass mq; and their phase-space density is given by the
distribution function fj(g, £, t). The gyrofrequency of the
particles is Qj=qum§1 in a magnetic field with strength
B. In the absence of external sources, the electric field
E(w, k) of a wave with frequency w and wave vector k satis-

fies a wave equation
D(w, k)-E=0 (I1-1)

where D may be expressed in terms of the dielectric tensor

g(un k) as
c2

D(w k)=(Ik%-kk) =5 - glus K). (II-2)
W

Here I is the unit tensor and c is the speed of light. The

wave equation (1) has non-trivial solutions only if

and this is the dispersion relation we aim to solve.

The first, and most difficult step when solving the disper-
sion relation is the evaluation of the dielectric tensor.
Using linearized kinetic theory, the standard derivation

leads to
no . .
2 ___.1..3._.. + k ._'a_...___..
® oo \A av_L 3 Vi o
e(w, k) = I-———% I-3%% fav 1o £5 p(1I-4)
= - = 0|7 J n=-e w = ky vy o+ 0o, ;
J J

Introducing a coordinate system spanned by the orthogonal
unit vectors ej, ez, €3 oriented so that B=Bej3 and k=k,
e %k, e3r the matrix 1 is given by (see e.g. Ichimavru,
1973, Akhiezer et al. 1975, Clemmow and Dougherty, 1969)
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The argument of the Bessel function Jp is klvi/gj° Since

the densities nj are included in the plasma frequency

2
n.q. . :
w_ = (X wz.)1/2 = (Z 2151)1/2 (I1T-6)

the unperturbed distribution fC is normalized to unity

ffo(\_f)d’\l = fX f?(z) dv = 1. (II-7)
J

The most general distribution function considered in this
report has the form

6 v
o _ 1/2 -3 o 2
f (vly“) = §=1 (m Vj) exp ( (Vj Vdj) ) -
(I11-8)
A v2 1 - 47 vi v2
21 exp(- =) + exp (- ) - exp(- — )
a1j o 2 2




Here, Vj is the thermal velocity of a component with tempe-
rature Ty =1/2mjVj2, and Vg4 is a normalized drift velocity
along the magnetic field. The parameters A4, ofje and @25
determine the depth and size of the loss-cone and the tem-

perature anisotrophy.

The integral over velocity space in Equation (4) is
evaluated by means of the relations

2

© k,v A 2v
2 Ll 1 1 _ 1T~
[ a3 (5rexp(——5) =57 dv An(xj) (I1-9)
o j ve o vy
J J
and
2
Vi
exp (-—s)dv
2 ]
...1/2 e Vj w-n .
" ,f _q = L), (II-10)
—o v“—(m—an)k" k“Vj

where An(xj)= e‘xj In(xj), Xfﬂ/2GHYjAH)2’ In is a modified
Bessel function of order n, and Z is the plasma dispersion
function (Fried and Conte, 1961). The dielectric tenscr of
a plasma with a particle distribution described by Equation
(8) can then be written as

2 2
0 6 w
elw, k) = (1 -5 1+3 P
- W - j=1 w a1.(a13—a2j)
(T1-11)
[¢ 2 o
13 27
(oc1J Aj“Zj)é + T (A, - 1)£



To simplify the notation, we omit the index j, introduce

the dimensionless quantities

k. V k.V X—ZVd—n
L . w e -
p = ) 7 z = - ! X = o’ 5 F (I1-12)

and the function

cg(x, z) = (as_ + n/z) Z(s)) (I1-13)

The components of the suceptibility tensor xa are then
given by
- -1 2 o
Xy =+ A m A (ar) T
n::-—co
¢ = ia‘; nA' (air) ga
X2 7 n n
N = -~ 00
172 2 X-n _a
X(’TB = a(‘l-—u)p/z + (2/)\) / I_ nAn(d)\) Z Qn
N=-=-co
o (11-14)
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The evaluation of these expressions can be greatly simpli-
fied by introducing an approximation for the plasma disper-
sion function in the form

L - h-—
Zz(s) ~ L by(s - cq) 1 (TT-15)
1

Approximations of this form can be derived by a modified
Pade’ method as discussed in section III, where the rela-

tions
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T clbl = - 1/2
1=1

are also derived (Egq. III-10). Introducing y = x-z (c1*Vg)
the components of the suceptibility tensor may now be re-

duced to the form

L
X = o + aX b,y ¢
11 1=1 1 1
L '
X = ioa X b, ¥
12 1=1 1 "1
A L
xg3 = o0 I fey ¥ Va) By ¥y
11-16
, L i ( )
Xgp = Xqq T 207X I by ¥ ¥y
1=1
L 1
Xg3 = lop by (eq * V) Y ¥y
1=1 '
X =u+2uV2+§ (C+V)2b y1[x—zv+k\p]}
33 d 1=1 1 °'d 1 d 1
Here we have introduced the notation
-1
‘plz (1 + OLZClY ) R(Y,OL)\)
1 . (IT-17)
wi: (1 + oz C]_Y ) R (y, ad)
The function R is defined by
= n2 An()\)
Ry, 2) = Z - (I1-18)
n=-o y - n



and R' is not quite the derivative with respect to A but

rather
2 ] 1 1
3 o n An(x) 2 T An(x)
R'(y, A =33 (AR(yp)) = £  —— =y~ z (IT-19)
n=-—oo y — n n=-cy = n

Some analytial properties of R and the algorithms for com-
puting its value are discussed in section IV. In general,
R(y,)) can be evaluated in about the same time as a single

Ap(Xx).

Comparing Equation (14) to Equation (16), we note the

following points:

N
1° Using Equation (14) we have roughly xa “%:-N AnCn
L
while (16) gives xa =% b, ¢, .
1=1 171

Assuming that Apz, can be computed in the same time as U,
the evaluation of (14) would be roughly 2N/L times as labo-
rious as the evaluation of (16). Choosing L=8 as in the
program we see that the efficiency of Equation (14) is com-
parable to that of (16) for N<4.

20 When X 1is large, the sum over n in Equation (14) is
slowly convergent. Late terms decrease as exp(—nz/zx) and
N>»/2) 1is thus needed for convergence. This makes a direct
evaluation of (14) very inefficient for large A. As A+= 1in
Equation (16), all components of y behave continuously and

they reduce to their correct values in the limit.

3° The component X33 in Equation (14) contains terms pro-
portional to z"2, When z is small these terms become large
and they cancel the way they should only if the relation

©

X An(k) = 1 is fulfilled exactly.

n e D




This implies that N must be large when z is small, and
truncation errors will become serious for any N if z is
sufficiently small. Similar arguments apply to the terms
proportional to z=' in x93 and X23. As z70 in Equation
(16), all components of X behave continuously and they

reduce to their correct values for z=0.

4° The components x?1 and X$3 in (14) are proportional to
2»~1 and X4/2 respectively. This may lead to serious trun-
cation errors when » is small, and the limit »+0 can not be
taken numerically. As x>0 in Equation (16) all components
of ¥* behave continuously and they reduce to their correct

-

values for i =0.

The dielectric tensor e(w k) 1s computed by inserting the
a =

components of X given by Equation (16) in Equation (11).

Introducing the refractive index U=W184 + uge3 and expand-

ing the determinant of D(uw, k) as given by (2) we find

) - B + C (II“ZO)

Dlw, k) = A (% - e,

where

A = uze, + 24 U, € + UZ

1511 1%3%13 3933
B 2 2 2
B o= (MyB,y — MyEn) T+ HT(E 0853 = E43)
(11-21)
e . L2 |
Co= (e,4853 = 873) €y, * (94855 * E15€3)853 ¥
t (338, * o330 %

Formulas for the derivatives of D with respect to w and k
are given in Section VI. 1In the main program, Newton's
iteration method is used to find a complex w which satis-
fies the dispersion relation (3).



ITI. Approximation of the Z-funciton

The Pade’ method was first used to approximate the plasma
dispersion function Z(s) by Martin and Gonzdles (1979), and
their results were generalized by Martin et al. (1980) and
Németh et al. (1981). The basic theory of Padé approximants
can be found in the book by Baker (1975).

Following Martin et al. (1980), we consider approximations

ZA(s) for the plasma dispersion function in the form

L-1 L b
P
2, (s) = E2—8) .5 _1 (111-1)
L 1=1 s-c
0" (s) 1
L1 L1 1 I L 1
where P (s) = % pys” and 0" (s) = 1 + X q.s
1=0 1=1 1
Inserting the convergent power series,
4 8 5

2(s) = i/r- 25 - i/is” v d s ol st e s” + .. (III-2)

in the equation

z(s)ot(s) = P (s) (I11-3)
and identifying coefficients of equal powers of s we obtain
a set of equations
K‘ .___ -

i/r o= By
-2 + lﬁq1=p1
< (I11-5)
- i/7 —2q1+i/ﬂq2::p2

4/3 - iv/7 a, - 2q, * i/1gy = py

°

Here, we take pl

It

0 if 1->L~1 and gy = 0 1f 1>L.

An alternative set of equations is obtained by inserting the

asymptotic series

-1 1 3 =5 15 -
Z{s) = - s -5 8 -7 S -5 S 7. o e {ITI-6)




in Equation (3):

T 49 T P

Pr.2

) (ITI-7)

- qp_p ~ V/2qp = P4

- 93 - V2a_ 4, =P,

Since we need 2L equations to determine all the p:s and
q:s, we let J+K=2ZL and choose J eguations from (5) and K

equations from (7). The resulting approximant will satisfy

O(sJ); s » 0
IZA(S) - Z(s)l = -K

O(s 7} 5 -

Alternatively, we could have started from the second form

of‘(1) and expanded

1 S 52 53
S "z~ 3" 1% s~0
L 1 ajy ay al
2. (s) = 2% b (ILI-8)
A 1=1 *©
¢l w52 v el v c s™4 4 s o
1 1 1

Comparison with (2) and (6) leads to the equations

-~

L by B
X — = - i /7
1=1 ©1
L P1
9 — =2 (ITI-9)
1=1 “1 '
L b, )
s —==1i/r
1=1 c3
1
l\-

and



L
L b, = - 1
1=1 1
L
T b,c, = 0
1=1 1
L 5 (ITTI-10)
X b,cy = - 1/2
1= 11
L
3
)3 b,c? = 0
1=1 171

In practice, the most convenient way to derive the partial
fraction expansion of the approximant is to eliminate the
p:s from L of the Equaticons (5) and (7) and determine the
g:s from these. The equation QL(S)=O is then solved for the
poles c¢q, €3, ... ¢, and L non-trivial equations are

chosen from (9) and (10) to determine the b:s.

Following this procedure, an eight pole approximant was
derived using ten equations from (5) and six equations from
{7). The values of the coefficients are given in Table 1.

Table 1
cqy = 2.237 687 789 201 900 - i 1.625 940 856 173 727

C2 = —Cq
c3 = 1.465 234 126 106 004 - 1 1.789 620 129 162 444

ca = <}
Cg = .8392 539 817 232 638 - i 1.891 995 045 765 206
cg = -Cx

¢y = 2739 362 226 285 564 - i 1.941 786 875 844 713

by = -.017 340 124 574 718 26 - i .046 306 392 916 803 22
- *

by = bj

b3 = -.739 916 992 322 5014 + i .839 517 997 809 9844
®

b4=b3

bs = 5.840 628 642 184 073 + i .953 600 905 764 3667
*®

bg = bg

b7 = -5.583 371 525 286 853 - i 11.2 085 431 912 6599
*

bg = b7




In the upper half of the s-plane the accuracy of this
approximant should be sufficient for all purposes. However,
for Im s<0 the errors increase as s approaches the poles

c and when s 1is large the omitted exponential term

'

—%2 WVZ exp(-sz) in the asymptotic series for Im s<0 may

become important. Figures 1 and 2 show the relative errors

(Re(ZA(s) - 7(s))/Re Z(s) - 100% and Im(@x(s) - Z(s8))/Im

Z(s) * 100% for Im s = -1/2 Re s. We see that the relative

error in Re Zp stays less than 2% and the error in Im Z,
is less than 3%. The errors are largest for s between 2-i

and 3-i 1.5, and they may thus be traced to the influence

of the pole ¢q.

An obvious problem with rational approximations for the Z-
function is that the exponential behavior of Im Z(s) =
1ﬂ/2exp(-52) for real s can not be accurately approximated
by‘a rational function of finite order. Approximants of the
type discussed here have the rather disturbing property
that Im ZA(S) <0 for some real values of s (see also
Martin et al. (1980)). The absolute error in Im ZA(s) for
real s is shown in Fig. 3, where the important point is
that the small error for 5<s<10 makes Im ZA(S) negative in
this interval. Physically this means that a very weakly
damped wave may appear as weakly unstable because % 1is re-
placed by Zp when solving the dispersion relation. Keeping
this possibility in mind, it should however not be diffi-
cult to trace and disregard these "numerical instabilities”
if they appear. The larger absolute errors appearing for
s~3 should normally be insignificant since Im Zp >0 and the

relative error is less than 2%.
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Figure 1 The relative error in Re Z2p(8) versus Re s for
Ims = - {/2 Re s,
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Figure 2 The relative error in Im Z, (s) versus Re s for
Im 8 = - 1/2 Re B.
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Figure 3 The absolute error

Im s = 0.

108x ABSOLUTE ERROR
Q
-
w -
-
i
m bn

in

Im ZA (s)

versus s for




IV. The function R(y, i)

SUBROUTINE RTAY

The function R, introduced in the theory section, is

defined by
2
o n° o ()
R{y,») = ¢ ———— (Iv-1)
n=-w 3 (y-n)
with Ap(a) = e“kln(x)q Closely related functions have been

examined by e g Aamodt (1967), Fredricks (1968), and
Karpman et al. (1973), in their studies of waves with

k

~0.

I
From the corresponding relations for the modified Bessel
functions it 1is easy to show that R satisfies the re-

currence relations

iﬁé%Ll) % [R(y-1,2) + R(y+1,2)] - R(y,x) (Iv-2)
and
1 !
yR(y, ) = % A[R(y=1,2) = Rly+1,2)] + 1 (1v-3)

Differentiating R twice with respect to A using (2) and (3)

we obtain the differential equation

2 3R oR 2
2 (34201 55 ¢ (1=y"H#3NR + y =0 (IV-4)

Substituting a power series for R, we find the solution

R(y,\) =—g—+y——s3 LGE 5} *y—3 1°3'2 5 A2+,
y =1 Ay -1 (y"=4) (yo=1) (y"=4) {y™-9)
(TV-5)
w - Ay
I (2n) 1 = 3%

A sin ny n=1 (n+y}!(n-y)! n!
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This series is easily computed and rapidly convergent for
small A . It is maybe less obvious that it is useful also
for large x» if y >>). In this case the early terms (n<<y)
will have the form y(2n+1)1! (Ay“z)n, and their magnitude
will decrease rapidly. Later terms will remain small and

insignificant unless y is extremely close to an integer.

SUBROUTINE RASY

When A is large, an asymptotic series for R{y,A» ) is very
useful. Since e‘AIn(A)»~ (272)7 12 as )sw , we see from the
definition (1) that R{y,) ) ~ A -1 BZA/n)“‘/Z yzcotwy - y]
for large . Introducing n=21 ang P=n‘1R, the differential
equation (4) is transformed to

3 2

n” S (e2in BE e (1yPn)p = -y (1v-6)
n

Qi

A particular solution of this equation is

3 2 3 2 2
21— . - -
G(n) = -y + Y3” po ¥y Uzy) n2 o XUy ) (Azy?) n3... (IV-7)
13 135

The complementary function B{n) =np '7/2P(n) thus satisfies
the homogeneous equation

2
2 3°H 5 1 2, o

an

with the boundary condition H{0) = y2(n/2)1/2 cotry, and

the solution is found to be

2,,9 2
2 / % - v Gy )Gy ,
H(n)=y (2) cotny §1 + ————— n + 5 n“ +
2 11 2721
(IV-9)
1T .2,,9 2,,16 2
(Z“Y ) {5y (Zi“[ - |




_19_

Transforming back to the original variables, we may write

the asymptotic series in the convenient form

R(Y,A) o gzo Rn (x >> 1) (IV-10)
where R, is defined by the recursion formula
12 _ 4y
Rpe2 7 —- R
(n+t1) 42X
and (Iv-11)
2, 1/2
R = -y/A and R, = y (—%3) cotmy
o 1 2)\3

This series gives very accurate results for x> 10 if y is
not to large, However, from the recursion relations (11) we
see that if y2> » >>1, the early terms will increase 1in
magnitude roughly as yz/(nA ). The convergence will ob~-
viously be slower in this case, and accuracy can easily be

lost due to truncation errors.

SUBROUTINE RINT

An integral representation of the function R(y,j) can be

derived by inserting

=t T
>3 = [ cos ny cos yo do (IV-12)
y =n sinmy o

in the definition (1) and using the generating function for
Inh(R)

%(t+t~1) @ n
e = ¥ t T ()\
peew M ) (IV-13)

This leads to the representation

n
R(y ) = - —L— | e hl1reose)

sinny O

sin y® sing d¢ (TV~-14}
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For large values of y, the factor sin yp will oscillate ra-
pidly, and a direct numerical integration becomes diffi-
cult. As described by Fredricks (1968), these oscillations
can be removed by evaluating the integral along a properly

chosen contour in the complex ¢-plane.

We first partially integrate (14) to find
R(y,A) = (yI(y,n) - y) /A (IV-15)
where

S f‘e-k(1+cosw)

I(y,r) = cos y¢¥ doy=
sinny o
1 m A(cosyp-1)
= —— [ e cos y (o=m)de= (IV-16)
sinny o
=1 (1, + I )cotny + Lo (1. - 1)
2 + - 2i + -

Here, we have defined

A{cosp—-1) iiywdw

e (IV-17)

G —=

Ii(Yi}\) =

Letting ¢ =0+if and y=w+i Y we find that the imaginary part
of the exponent is -Asinosinh B * wa I yB. If v were real,
as in the case considered by Fredricks (1968), the contours
C + shown in Figure 4 would be paths of stationary phase.
The pase is zero on the imaginary axis and along the curves
starting at *Bg = sinh~1 @Xx. In terms of y(a) = ya/Asina

these curves are defined by B =+sinh~1¢. The phase shift
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takes place at o= 7, = to
iB A where the integrands are
exponentially small, and
along the 1line o = w the
phase is fwm. When y is
B + complex, the contours of

stationary phase can no

longer be explicitly de-
fined. However, as long as
- y<<w we would expect the
oscillations to be heavily
damped along the contours

Ct. Integrating along these

paths, we find
Figure 4 Contours for the

integrals I in
the complex ¢p-plane.

B
O N —
I,(y,) = x| e (COShETT VEqg,
B o)
(IV-18}
w 2.1/2 -1 -1
R Jex[(1+w ) cosa-1]-ysinh wiay[1ii851nh Y1da+
o] Jo

o ' P .
+ i"feA(COShB 1)~-yB iIYﬂdB

Using Equation (16), we find after some manipulation that
the contributions from the line a= mcancel, and the remain-

ing contributions may be written

B
o
I(y,2) = ex(coshx—1)-—yxdx +
© (TV~19)
m
s [ eTEYB) g yyex) + H(x)S(x)] ax
o
where T(x) = x[(1+¢2)1/zcos x~-1], B(x) = sinh”1w, C(x) =
cosh vx, S(x) =i sinh yx, F(x) = cot ny + G(x), H(x) =
1-G(x) cotny, and G(x) = 3B/9x. This notation is chosen to

conform with the variable names used in the code.
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The derivatives of I. are from Equation (17) found to be

oI T .
t _ iifek(cosw——ﬂ ilywwdw
oy e}
al m
+ A - * 1
=1 e (cos®=1) *+1ye . co-1) do (IV-20)
o)
2
2 I L .
ooy [ ex(cosm—1) ilyw(cosw_1) ©do
9y 3 A o

Transforming these integrals to the contours C+ and com-
bining them as prescribed by the derivatives of Equation
(16) 1is tedious but strightforward. The derivatives of
I(y,* ) are in this way found to be

B

o
Yﬁl = - ycotny | e)\(COshx 1)~yxX

O

dx

kil
-vB
eT YR o O0-H-P+D(C-G-S)]dx

o
91 A hx-1) -
A = A fe (coshx=1) Y¥cosh x» dx (Iv-21)

o

™
+.[eT_yB

o
B
321 ©
y13§37 = ~ycotny [ e
o

[ (FeT-Hxw)C+ (HeT+Fxw)S]dx

A(coshX*T)‘YX(COShX—1)de -

" peyB
— oy ey

{F(T~O~me)~H(T°P+wa)+[(T+wa)C—(GT—wx)S]é}dx
o

where we have introduced D =7r(1+cot2ny), O(x) = B{x) C(x)
+ x8(x) and P(x) = xC(x) - B(x) S(x). Finally, from Equa-
tion (15) we have
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3R _ 2 31
Yoy = 2R * y/Ay" 5ot 1)
'3 23T
R == (AR) = y°33 (IV-22)
¥
2

9R _ ' 3 371
Yoy T 2R T Y ayma

The integrals (19) and (21) are evaluated by Gauss' quadra-
ture formula, using 16 points. The abscissas A(I) and
weights W(I) are taken from Abramowitz and Stegun (1965).
When y is large, the integrand in the second integral be-
comes very small as x approachesr . The semi-empirical for-
mula UL = 7 -—2.8y(36+y)"1 gives T(UL)-yB(UL)~ - 100 and we
can thus safely integrate only up to UL, gaining increased

accuracy in the remaining interval.
SUBROUTINE RYLA

The subroutine RYLA returns the (2,2)~array RC,

R(y,A) yﬁ%éle)
RC

, ' (IV-23)
R (y,*) yﬁggézil)

The value of RC is calculated by one of the three methods
described above. For given values of y and ) , the method
chosen can be found from Figure 5. Comparing the different
methods, we find that they agree to at least six decimal
places along the borderlines shown in Figure 5, and the
accuracy should in most cases be even better in the in-

terior of each region.
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Figure 5 The different methods used to compute R(y,) ) are
indicated on this plot of the A y-plane.




8]

TIME= S32/04/2% - 10.27.2%

SURROUTINE RYLACY.AL,RC)
COMPLEX Y. RO(Z,2)

sees CHOOSE METHOD OF EVALUATION ###s
IF(AL.LT.4) G071
AY=CARS(Y)
IF(AY##2, GT. 75 %Al GOTO 1
TE(AY.GT. 30 +AL/Z. ) GOTO 1

IF(AY#*#2.LT. 15, #AL . ANLDL AL . GE. 15.) GOTO
IF(AY.LE. 2. #(AL-10. ). ANIL AL LE. 15.)) GOTO

b3

weas  NUMERICAL INTEGRATION ks
CALL RINT(Y,AL,ROC)
RETLIRN

#xrr TAYLOR SERIES e
CALL RTAY (Y, AL, RD)
RETURN

paed ASYMPTOTIC SERIEZ wee
CALL RAZY (Y. AL, RD)
RETURN
END
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TIME= 22/04/29 — 10.31.47

SUBROLTINE RTAY (Y, AL, RD)
COMPLEXY Y. Y2, RC(2,2). PN PYN, COT
g eaar TAYLOR SERIES stsgsidasy
Y2=Y#Y
PN=Y/(Y¥2-1.)
FYN=-Y# (YZ2+1. )/ (Y21, )su2
RCCL, 1) =FN
RCOL. 2)=FN
RC(Z, 1) =FYN
RECC2, 2 )y=FYHN

i 1 I=2,100

COT= (28T —-1) /YR~ T%2) #AL
FYN=COT# {FYN~-2.#Y 2/ (Y2-T%3#2) #FN)
FN=COT#FN

RZCL, 1) =RC(1, 1) +FM

ROCE, 1)=RC(2, 1) +PYN

RCOL, 2)=RIC(L, 2+ #FPN

RO(Z, 2)=RU(Z, 2+ I #FYN
T=CABS(FNY 1 ES
IFAT.LT.CARS(RC L, 1) )Yy GOTO 2
CUINT ITNUE

CONT INUE

END




TIME= £2/04/2% - 10.31.47

SURBROUTINE RASY (Y. AL RC)

COMPLEX Y. Y2.COT.P.PY.PP.PPY, PN, PYN, BN, GYN, RC (2, 2)
FRREXEER ASYMEPTOTIC SERIES #Eiaikiw

F1=32,141592652352977

Ya=Y#Y

COT=0005(PI#Y) /CSIN(PI®Y)

D=1, B9

FiN=—Y /AL

FYN=FN

O=1./ (AL#SORT (2. #FIxAL)Y)

GIN=FT#Y2# 00T #A

OYMN=GNS (2, ~Y#PI#C0T) ~Y#FP I ##28Y2#A

F=FN+CN
FY=FYMN+TIYN
FR=-FN-1.5%0N
FPRY=~FYN-1.,53%0YN
AY=CABRE(Y) +L,

oo 4 N=1,100

M=N-1

FYN= (FYRE (MEM~Y ) ~2, #YZPN) /7 ( (2¥M+1) #AL)
PN =PN#(MEM-Y2) /7 ( (2%M+ 1) #AL)

EYNE (GRS (M, S 28 2-Y2) =2, #YZ#ON) / (2, #N#AL)
BN =N (M4, ) ##2-YE) /(2. #N%AL)
IF(M.LT.AY) GOTO 3

C=h (CARS (PN +CARS (BN) )

IF(C.LE. 1.E-7%CARS(FF)) GOTO S
IF(C.GE.T) GoTo S

F =F + FN + GN

FY =FY + PYN + GYN

PE =FF —(N + 1.)#PN —(N +1.%5)#0N
FEY=FEY-(N + 1.)#PYN~(N +1.5)#Q2YN

T=0

RC(CL, 1) =F + FN + N
RZ(Z, 1) =FY+ PYRN+ QYN
RC(L, 2) =FF+P

RC(Z, 2)=FRY+FY
RETLIRN

EMD



TIME= 22/04/2% - 10,.31.47

SUBROUTIME RINT(Y, AL, RC)

#HEwEEEE MIMERICAL INTEGRATION #3333y
COMPLEX RC(Z,2),Y,COT.DLEXF.F.H. U, P, R, RY,RP. RPY, S

DIMENSIONM ACL&),
ABSE I S3A%
DaTA A/

W{lé)
FOR GALSSIAN INTEGRATION

-, VEDA0 OVILT T1447,

0N - B8543 12023 237831, —.75540 44023 55003,
D - 45501 47776 57227, ~ 2B1L0 ISS50T7 79SS,
I .95940 OVI4T V1649,
D LBASAZ 12023 87831, 75540 44083 SS003,
D LASZOL 47776 STRZ7, 28160 ISS07 79253,

WEIGHT FACTORS
Il W/

=15 0

02715 24594 11754,
I L0 L REATE, (124462 89712 S5S33,
D L 14715 3 OVEOOT, . 1BRA0 E4150 44923,
I LOZ715 24594 1175

DL O9S1S 85116 52492, 124463 €9712 555_4,
D 14715 45193 95002, 18260 34150
D FL/2. 1415926558979/

f

g

'~

1in

i

(WA

1
1"

o~ 0

[t}

iy 1 I=1.4

RE(I)=(0..,0.,)

YA=ATMAG(Y)

YR=REQL(Y)

=P T2, 88Y/ (24, 4Y)
lHT”LLUu(PJ%Y)/CSIN(PI%Y)
O=FI# (1, +00T®x2)

C=YR/ AL

AO=AL OG0 +SRRT (1, +0%82) )

Oy 10 I=1,14
X=UL/2. 501, +A(T))

Z=5IN(X)

De=s (X))

G=YR/QLE#X/Z
T=5E0RT (L. +G#%2)
B=ALOG(G+T)
G=)./X-2/2)y%G/T
T=AL#(Txl-1.7

Z=EXF (X#YH)

C=.5%{7+1./7)

S= 0, SYR(Z~1./2)

F=C0m+0G

H=1 ., G207

EXF=CEXF(T-Y&E)

C=RBrl+ X wS

F=X B

XY=K#YR

R= (F#laHeD) #EXF
RY=(F#-H#F+De (C-GrE) Y SEXF
RE=((F#T-HeXY) sl (HeTHRF XY ) #S) #EXF
REY= (F# (T#I-XY 8P ) - He (TP XY 30+ (TR X Y300 20~

HI*H

X=X0/Z, 8 (1. +A(1))
Z=EXF (X)
=(Z+1./2)/Z.~1.
F=CEXF (AL#E =YX )
RICCL, 10 =RECH, 1 #W T ) # (UL R +X0E)
ROCZ: ) =ROCE, 1) WD) 3 (UL RRY + X % )

- Y4457
~. 61727 &2
- QY501
- Y4457
« 61787
« 0FE01

444

SO230
L2444

LEODL

L 06225

[V
£

Cheec o
14959 Sozoe
C1ETAS 04104
LOL22S BEDEY
14959 Sones
18945 04104

A GHTAY ) #5011

LIO9E 3

SO0 7R

02443,
BTEET/,

DEL47
14574,
DEROEE,
2EA4T
16574,
SLO&T/,

-
wEXEF
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RO, 2)Y=RO1, 2)+W (D) # (UL #RP+X0eAL #C#F)
RO, 2)=RO(E, 2) WD) # (UL #RFPY+XOxAL# X #C#P)
CONTINLE

=Y /AL

P=Yar2/ 2.

RO, 1)=0(Y#RO(L, 1) /720-10)

RO(Z, 1)=2, #RO(L, 1)+ (FERC (2, 1) +1.)
ROGL, 2)=Y#0xRO(1,2) /2.

RO(Z, 2y =2, %R0, 2)+0ePeRO(2, 2

END
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V. The suceptibility tensor xa; SUBROUTINE CHI

The suceptibility tensor éa, defined by Equation (II-16) is
evaluated in the subroutine CHI, and the result is returned
in the (6, 4)-array XSI.

The parameters for the approximation of the Z-function are
stored in the arrays B (residues) and C (poles). If the
argument of Z(s) is to far down in the complex s-plane, the
error condition IERR=1 is returned to the calling routine.

For each term in the partial fractions expansion, the value
of R(y, a}), where y = x - z(cy + Vg), is obtained from
SUBROUTINE RYLA.

The functions

vo= (1 + azcly_1)R(y,ak) (V-1)
and
b= (1 + azey R (y,00) (V-2)

are stored in the variables PS and PSP respectively, and
the components of &a are formed according to Equation
(II-16).

When KOL22, the x-derivative of xa is also evaluated. We

first form

~ -1,..9R _
PSY = (1 + azCyy )y3§ (V-3)
and
1]
PPY = (1 + azc,y )yﬁg (v-4)
1 3y
and then obtain
= x ¥ _ X - =1 -
DP X == v (PSY azcqy R) (v=5)
and
=g A X - -5 -
DPP = x == v (PPY @zC;y R ) (V-6)
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Defining D = ¢} + Vg, the components of xagx/ax may be

written as

o
Bx11 8
X —— = o )2 Bl[xw + y DP]
1=1
Bx12 8
X 5 = ja¥X B, DPP
X 1=1 1
8)(13 8
X = P £ B,D,DP
X . 171
1=1
(v=T7)
BX B 8 1
22 _ 11 2 -1 o]
X —5== = X oy 2a k§=1Bly [pDPP-xy ¥ |
39X 8 - - '
x —23 = iop £ B4D,Y Yippp - xy 1w ]
X 1=1 171
9% 8
33 _ 2 -1 R
X =5 = 2a §=1B1Dly [x + ADP xy (x zvd+xw)]

The z-derivative of ga is evaluated when KOL23. Noticing
that ay/93z = -Dj Wwe obtain

DP = 2 5, = 3 lac;xy R DlPSY] (V-8)
and

oy 2 -1R' - -
DPP z = v lac;xy 'R DlPPY] (V-9}

. a : . .
and the expressions for z 3y /d3z are easily written down in

terms of these functions.

When KOL >4, the p-derivatives are also evaluated. SUB-
ROUTINE RYLA is first called to evaluate R(y-1,c}d), and
then
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DP = p % =200 - ¥) (V-10)
and
) ' 2 ! !
DPP = p 5% = 2 {—%~: aAR (y=1, ar) - aiy l- yDP (V=11)
y —-—

are formed. The formulas for P Bxa/ap are then trivially

derived.
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TIME= 22/04/2% — 10.321.47

SUBROUTINE CHI(XSI..0, IR, KOL, IERR)

ARGUMENTS: XE1 CONTAINS THE SUCEPTIBILITY TENZUR
0N RETURN.
J COMPONENT NUMBER.
Ik INDEX FOR AR (ALFPHA)
FIOH. DETERMINES WHETHER DERIVATIVEZ
SHOWLD BE EVALUATELD.
IERR ERROR FLAG, IS SET =1 IF DAMPING

I TO

STRONG.

COMPLEY X» XX:XY.AILBL,CL,OL.BLY,RO(2,2), X51(4.4),

B(2),0(2),, PS5, PSP, PEY,FRY, DF, DFFP, Y. ZY

COMMON ZXPZ/ XX(&)-FRIE)ZZ(E),AAL,2),TINA) , ASE(L) . VII(L)

#xe3 RESIDUES

FOR FADE AFFROXIMANT #exs

DATA B/ (~-1.7240124574718246E~2, —4, AR0LTP291LE0F2ZE-2) »

(=1.,7328401 2457471 824E~2, 4, AB0ADZY2PLEB0322E-2) .
(7.3 6PT2RLES014E-1, S.3951799723099844E~1)
(=7 . 239% ’”CGI4E 1, -2, 2951799720992344E-1)
y VLSEBAOOPOST LAZLLTE-LY
» =% ESRLOOTORT EAZLLTE-L)
; »—1. 1200942191 2659% E1),
(~5, Smas Skffzbfﬁs » 1412085421 912659% ELY /.
wread POLES OF PADE APFROXIMANT it
ol i.;27ég77"”?H1?001 —1.£257408561737L27),
] ‘?ﬂl?OOa =1, L2508 0ELLTETET) -
241261060084, —1.73962012%1462444),
(—1.4LJk341’/101ﬁﬁ4, w“01”°1/1444),
{ '725"417232/ L BTLPPEOART LSZ206)

2 -1.291995 U4=7/ 206&)
—1.94175&?7594471 i) s
~1.7417262752447132)/

X=%XX ()
=77 ()
F=FF (1)

A=ARGEH IR
VZ=VI) T
Al=(0..1.) %A
IF(ASZOL JER O,
A=, SxPxp
ALA=AXAL

Y Al=-Al

oy 1 I=1.24

XEI(I)={D. .0,
KI=ATMAGEIX)
IF(XT.GE.O.) GOTD 3
NY=X
RX=X-NX
TEST FOR STRONG DAMPING
IF(RX.GET..5) Rx=1.,-RX
IF(XT.GE, - ARY . ORLXT.GE,-Z) GOTO 3
IERR=1
RETURM
XSI(1.1)=A

ST (A, 1)s=fms (L 2, 3V #al)
o 4 L=1,2

BL=R{L)

=01

D=0l +VYD{ D

Y=X-TH %2
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BLY=RL /Y
e EVALUATE THE R-FUNCTION ##ewsx

CALL RYLACY, ALA, RD)
XY=1.,+A#ZTxCL/Y
Fo=XY#RZ(1,1)
FoP=XY*RIZ(1,2)

wRed FORM SUCEPTIRILITY TENSOR ##uass
X2T(1,1)=XE1(1,1)+A%BLrY®PS
XEIT02, 1)=XE31 (2, 1) +AI #BL#PSF
XKETC2, 1)=XST (3, 1) +AxP#BLEDL RS
XSI(4,1)=XE1 (4. 1) +BLY*PSP
XZT 5, D)=XE1 (5, 1) +AT#P#BLY *DL#FSF
XE1 (4 1)=XST (4, 1) +2, #ARBLY#DL ¥ % 2% (X~VZ+AL#FS)

IF(EOL.LE. 1) GOTO 4
#rEEwt FORM X-DERIVATIVES OF XST ##daws
FPoY=XY®RC(2,1)
FRY=XY#RC(Z2,2)
AY=X/Y
OF =XY#(PSY~-A®Z# 0L /Y#RC(1,1))
OFP=XY# (FFY-A®Z#CL/Y#RC(1,2))
XET (1, 2)=XS141,2) +A*BLE (YRDF+ X #PS)
Kol (2, 2)=XS1 (2, 2)+ATl#BL=2DFF
XEDCZ, 2)y=XSI 3, 3)+AxFrBLEDL®DF
X1 (4, 2)=XS51 (4, 2)+BLY# {DFF-XY#F5SF)
XKEDAG 2)=XE1 (5, 2)+AT #P#BLY# DL * (IIFFP- XY #F&F)
YTl 2y =XE1 (L, 2)+2, #ARBLY # DL 2% (X+AL #DF - XY# ( X~V Z +ALXFS) )

IF(EQL.LE.2) GOTO 4
ety FORM Z-DERIVATIVES OF X251 s#x#xes
IX=Z/Y
OFP =ZY# (A#CLEXYHRO(L, 1) -DL#PSY)
OFP=ZY#* (A®CL*XY#RO(1, 2)~0L#FFY)
ZY=DL#ZY
XET(1. 2)=X31 1, D) +A*BLEYx (DFP-ZY#FS)
XSI (2, 2)=XET (2, 3)+AT#BLEDFP
XZI (2, 2 =XET (3, ) +AxPxBLEDL 0P
X1 (4, 2)=X31 (4, 3) +BLY# (DFF+ZY#FSF)
KT (5, 2)=XET (5, 2 +AT#F+*BLY*DL# (DFF+ZY#PSF)
RS (&, 2)=XET (L, ) +2. #ABLY¥DL #5258 (AL #DP-VZ+ZY# (X~VZ+AL¥FS) )

IF(EDLLLE. 3) GOTO 4
iy FORM P-DERIVATIVES OF XSI s#xsss

CALL RYLA(Y~-1..,ALASRD)

DF=2, # (FSF~F5)
DPF=2.3#AL# ({Y/ (Y1) ) #e28RC(1, 2)~PSF) ~Y*DP

K21 01, 4)=X21 (1, 4)+AsBLeY=IF

XET (2, 4)=X51 (2, 4) +A I #BLsDPPF

AT (2 ) =X2I 3, 4 +AxPaBLEDl_ s { DP+F5)

X104, 4)=XS1(4,4)+BLY® (2. ¥FSF+DFF)

XZI (5. 4)=XS1 (5, 4)+AT*P#RLY# DL % (FSF+DFF)

XKET (L, 4y =XET (Lo ) +4, #ARBLY # D 2 # AL # PSP
CONT INLIE

#aess COMPLETE XZT104, ) s#xes

XEI(4, 1) =Xal (1, 1) -2, #Auer2eAlwXs1(4, 1)

RET 04, Z)=YST (1, 2) -2, 2R a2eAleXoI (4,2)
XEI(4,2)=XST (1,2) -2, #Axs 1AL EXET (4, 3)
AT (4, 4)=X5T(1,4) -2, #AxxZsAL¥X51(4,4)
END
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VI. The dispersion functon D(w, k): SUBROUTINE DIFU

In this routine, the dielectric tensor g (w, k) is first
formed according to Equation (II-11), using the values of
Xa(w, k) obtained from SUBROUTINE CHI. The components of &£
;hd the derivatives g 4 = X939 /3%, g4 = zzg/az, and ep =
g)Bg/ap are stored in the (6, 4) array E. After evaluating
the refractive index, the value of the dispersion function
D(w, k) is calculated as described by Equation (II-20). The

corresponding formulas for the derivatives of D are:

Q
2D _‘_l 2_ 3 2 _
91 = = {(u 822)Ax (2 +€22,X)A B+ Cx} (VI-1)
where
_ ,OA _ ‘ - 2 5.
A, = wge = (egy m2eq )y + 2(eqg (m2eqgluqug *

2
(833,x Zegzlug

3B _ _ - -
o = wr = 2(ugeygmugegy) Tugleyy meng) = ugleg, meqp)d ¥

2

" Dleqy meqq)ez372(e

tlegy yme33)eqy]

(VI-2)

13,x“€13)€13

aC

w = Ue T (eqq x®33%Eq1833, 7289353, x) %22 *

(e, € -€2 )e +e.,, (€ Ennt2€.,,E +€, € +
11°33 "137%22,x "23'711,x 23 117°23,x ~12713,x%

2 . .
2e45,x513) * 120833 x%12%2%33%12, % 23513 ,x *

+ 2 )

€23,x°13

Q .
_ 1 2 2 _ '
Dz T k,V <%” €22)Az * (2“3 E22,z) A Bz ? C%} (vi-3)
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A _ 2 2
i ok, T ORTS11,z * 2uquglegg pteqg) +ou3legy +2eg5)
Kk aB

= 2(ugey3mugeq) lugleyy teys) = uge 1+
2 2 2
2uy (eqqe537e3)+ 0 (611,2833+€11533,2—2513613,2)

aC (Vi-4)

fnowky T (B00,2533% 001033, 27 200353, ) 6

2
(1183378930 €00, + ep3leqy ,8p3%2e 46,5 ot
£12%13,27%%12,2513) * e12(e33, 5892126358, , *

+2¢.

€23%13,2%2€23,,%13)

N 2_ _ -
v,k kv, {(“ S22)Bp * (Zurmey, LA BP+CP} Vi-3)

.. . 2
¥2eqq) * 2uquglegy pregg) +ougegs g

= 2(ugep3mugegy) lugeny mugleg, prego)l +

2 2 2
2ugleqqeggmes) * wilegy pegste ey pm2eq3eq3 1)

aC (VI-6)
Bkl

k +

1 (eqq9,p%33%899833,p 28383, p) €y

+ g +2¢ +

2
(611633—513)622,P 23[€11,P€23 11%23,p

+2¢ 1 + ¢ +2¢ +

£12%13,p7“%12,p%13 12[E33,p€12 33%12,p

2 ]

€23%13,p"%%23,p%13
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In order to compute the electric and magnetic field compo-
nents we arbitarily specify Eq = 1 and solve the wave equa-
tion (1I-1)

D(w, kK)-E = 0

for the remaining field components. The solution is

(02 = e de. = (u,ug + e, e
B = 3 XxX' "Xy 173 Xz XYy
2 e € + (uaug + e )| 2 e )
Xy Yz 173 xz' ‘¥ vy
< (VI-7)
(uz - e, e = (u,uy + e, )e
B = - 3 XX’ "yz 173 xz' "Xy
3 2
(“1—'Ezz)€xy - luqug Fey ey,

In special cases such as k; =0 or k1=0 there are waves with
E;f = 0 and the above solution will not be valid. For
parallel propagation we have either an electrostatic wave
with Eq = E, = 0, E3 = 1 or circularly polarized waves with
Ep, = *iE4, E3 = 0. Waves propagating perpendicular to the
magnetic field are either ordinary with Eq = Ep = 0, E3 = 1
or extraordinary with E3 = 0, Ep = =-€q¢/e12Eq. In all
cases, the electrtic field amplitude is normalized so that
| E 12 = 1 and the magnetic field is calculated from

Faraday's law
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TIME= S2/04/29 - 10.31.47

!

SUBROUTINE DIFU(EOL, MA, IERR) l

ARGLUIMENTS:  EOL =2 I AND ITS X-DERIVATIVE CHMTHIED;
=4 ALl DERIVATIVEZ AND WAVE FIELNS
JMA =1 ~ &, NUMBER OF COMPFONENTS,
IERR ERRIOR FLAG,

COMFLEX X XXCE(A,4) , XSI (4, 4) - XF, DF, L, U, U3, UL 2, 1013, uae,

< ALBLCL, DA, DR, D, DL OX, 0Z, DF, EFL(2) , BFL ()

COMMON /XPZ/ XXCE)PFU&)Y - ZZ (A ARCA, 2) s TINNA)  ASS(A) , VI(E) ,
COONCE) > TACA) s XP (L), 2V

COMMON /COUT/X.P,Z.EFL, BFL, D, OX,0Z, 0P, E

Rty FORM DIELECTRIC TEMNSOR ####8ast3iss
o 1 E=1.4
Do 1 I=1.4
ECTIE)=(0,,0.
E(l,1)=1
E(4,1)=1.
E(&,1)=1.

Do S J=1,.0MA
Ed1,1)=E{1,1)-XF00)
E(4,1)=E(4,1)-XFP0D

E{t, 1)=&, 1)=-XF{D)
IF(AACT, Y LNELAACL, 2)) GOTO 2
AACL, 2)=0.

ooe.=1,

I1B=1

OF=XF{(H /7{AALCL 1)X(AA(L 1) ~-AA 0L 2 ))
C=AACY, 1) -TI0GC D #AA L, )

CALL CHI(XST, . TR EOL, IERR)
IF(IERR.NE. Q) RETURN

[ 4 E=1,k00L

DD 4 I=t1,4
ECL,E)=E(Ll.F)+DF 2R XSI(1,K)

IF(IB.ER.2) GOTO S
G=ADRGCD -1 #AA ), 1)
IF(R.ER. Q) GOTO 5
IB=2
GUTO 2
CONT INUE
#¥# DIELECTRIC TENSOR COMPUTED #3%4

s FORM REFRACTIVE INDEX, CV=SPFEED OF LIGHT/THERM. SEEED. #ans
=FFP(L)#CV /XX (1)
U2=ZZ(1)#0V/ XX (1)
1=ty
LI32=me s
2=t ez
i 3=2, #ll s

FHREw Ry FORM DISFERSION FUMCTION #8sssaiy
A= EZHE (L, 1) +UI2EE (3, 1Y 4UZ28E(45 1)
E HZE(E(L, D) #E(&, 1) —E (3, 1) ##2) + (UE3sE (S, 1)+ #FE(2, 1) ) %42
=(E(1 D) #ECL, D) -EC, D) ##2)wE (4, 1I+E (4, 1) #E(Z, 1) #x2
”*l+(E‘1 Dy#E(S, 1) +2, #E (2, 1) #E(E, 1)) #E(S, 1)

O=(l2-E(4, 1) Y #A~-B+T
IF(EOL.LE. 1) RETURN
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adrds COMPLETE X-DERIVATIVE OF DIELECTRIC TENIZOR it
E(iyé)*E(171)~;.%fF(1 1)y-1.9)
E(Z,2)=E(2,2)-2.% E{(2. 1)
E(Z, &)= E(u,*)w' ¥ E(3.1)
E (4, 2)=E(4.2)-2.%(E(4,1)-1.)
E{S,2y=E(S. )y -2.% E(Z.1)
E(l, 2)=E(&, 3) -2 ¥ (E(&,1) -1
HHEBAR Y DERIVATIVE OF DI“PFRZIHN FHNPTIUN I
OO=(FE{(1,2) 2. ¥E(1. 1)) %N+ IR (E(R, 2y -2 #E(3 1)) +
+ (E(H.3) wb.*E(L.l))%U:”

DE=2, # (LE3#E (S, 1) -1 #E (2, 1)) # (U8 (E(S, 2)-E(S, 1)) - (B2, 2y -E (2, 1

Y HLUEE C(E (L, 2)-E(1, 1)) %ECA, 1) -2 0 #(E(Z, ) ~E(Z, 1)) #E(E, 1)+
FLE (L, 2)~E(A, 1Y I#E(L, 1))
DE=(E(1,2)#E (4, 1) +ECL, DY #E(L, 2)—20#E(2, 1) #E(Z, 2))#E (4, 1)
DE=0C+(E(L, 1)#E(E, 1) ~E(E, 1) #x2)#E(4,32)
OC=0C+E (S, 1) #(ECL, 2Y#E(S, 1)+Z0#E(1, 1) #E(D, 2+
FECZ, 1YHE T, 242 ¥E(Z, 2)RE(2, 1))
DL~DL+E(111)¥(F‘/7f\%E(f11)+” HE (AL, LYRE(Z, 20+
+E (S, 1y eE (R, 2o+ 2B CH, 2)#E(E, 1))

O¥= ({2 -FE (A, 1)) #0A- (2 #U24+E(4, 2) Y#A-DR+DC) /XX (1)
IF(EOL.LE,. 2y RETURN
Ti7=40, , 0.
IF(ZZfi) EG,D, ) GOTO &
prgeryr Z-DERIVATIVE OF DISPERSION FUNCTION exseas
DA=LZ#E (1, 3+ 2 E(3, S4B (3, 1)) +UEREH (E(A, T +2.#E (465 1))
DR=Z, # (UE#E (S, 1)~ #E(3, 1) Y (UER(E(S, I +E(S, 1)) -hizE(2, 1))+
2L EER (B, D ¥E(E. 1) -E(Z, D) #rd) +
AU (E (L B #E (A DYHE(L, 1Y #E(A, 2) -2 0 #E(3, L) ¥ECZ, 2))
OE=(E{1, D #E (4, 1Y+E (1, 1Y #E(A, B3)—2  #E (2, 11 #E(Z, 2 #E(4, 1)
DE=NC+(E (1, 1Y #E (A, 1Y -ECE, 1) #32)#E(4,72)
DO+ E (S, 1) ECL, 2 RE(S, 1) +2 . #E (1, 1) »E(S, 3) +
+ECZ, LB, D) +2 L wE (2, 3 #E(E, 1)
o=DE+E (T, 1Y R (ECA, Y RE(Z, 1) +2 0 #E (4, 1) RE(Z, 20+
FELS, 10#E(3, )42 xE(S, 2)¥E(S, 1))

DZ=¢ (UZ~E {4, 1)y #DA+ (2, #UR2-E(4, ) ) eA-TR+DC) /27 (1)
IF(EOLLLE.Z) RETURN

e P-DERIVATIVE OF DISPERIION FUNCTION st
OF=(0..0.)
ITF(PPOLYLER. G GOTO 7

DA=U1 28 (E(1.4)+2. #E (1, 1))+ ER (E(E, 4)+E (3, 1)) +URE2HE (L, 4)

DB“T #OUEEE {5, 1)~ #E (2, 1)) #(UEE(S, 4) L« (B2, ) +ECZ, 1)) +
CEUIZH(E (L, DY RE (A 1) -ECR, 1) #8E )+

+U%%(E(j14)%ﬁ(/11\+F11 PY#E(A, 4) -2 %¥EL(S, 1) #E(E. 4))

DC={E{l .4 r®E (4, L)+E(L, 1)%E(Aa4)-= %E( HLYRE(R. Ay RE(4, 1)

D=0+ (ECL, 1LY #E (A D) -ECE, D) #rZ) #E (4, 4

DE=DC+E (S, 1) s (B0, Y vE(S, )+ #E(L, 1)%E(H,4)+

AECZ, YRR A +2L RE(Z, ) RE(S, 1))

DP«NP%F(L,_)ﬁ(E(F AYy#E(Z, 1Y+ #E (L, DR, 4)+

FE(S, DY RE (R, A)+ 2L #E(H, A RELE, 1))

D= (S E(ﬂm1))%Eﬁ*(2,§Lﬂ2E(4vﬂ))%QMDH+DP)/PP(1)
e COMPUTE BELECTRIC FIELDD ®edpdats

E‘lﬂ Ly GO0 =

e 1‘)*5( 1 LY~ LB, 1Y) RE(Z, 1)

B ﬁ/((”l AL, IV ECUE-FE (4, 1Y FE(D, 1k (2, 1))
Ca/ COULR+E (R, D) #E (5, 1y~ (N 2-Edh 1 oxE (2, 1))
=1,

GOTo 10
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IF(CABS(UZ~E(A, 1)) LT 1. E-3) GOTD @
A=1.

B=(0.,1.)
C=CARS(E(1, 1) ~UZ2+R4E (2, 1))
IF(CARBZ(E (L, 1) ~UE32-B#E(2,1)).LT.0) B=(0.,—-1.)
IF(UZ.ERL QL) B=~E(1, 1)/E(2,1)

=0,

GOTO 10

A=0,

B=0,

=1,

AR CONJG (B 408 CONJIG (D)

=R T ()

EFL{1)=h/0

EFL(Z) =R/

EFL(3) =0/

Ve, /299, 7925

THE ELECTRIC FIELDY IS 1 MVY/M. THE MAGNETIC FIELD WILL EE IN SAMMA.

BFLO1) =-VxLUZ#EFL(2)
BFLAZ2)=Vs (LU2#EFL (1)~ #EFL (3))
BFLOZ) =V#IL¥EFL ()

END
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VII. The main program and the input/output

PROGRAM WHAMP

The main program described here is mainly intended to be
used in general surveys of the dispersion relation for
various k-vectors and plasma parameters. The description is
rather brief, leaving out a lot of technical details and
rather emphasizing the points which are essential for any
program calling SUBROUTINE DIFU. In particular, it should
be useful as an example or starting point when writing
specialized programs for particular applications.

The interaction Dbetween the program and the wuser is
channeled through the input/output routines described in
the next paragraph. In the input routine, TYPIN, the plasma
parameters may be changed. An initial value XOI for the
frequency must be specified there, as well as the wave
numbers for which the dispersion relation is to be solved.
The wave vector components are specified by the arrays PM
and ZM, and in general a rectangle PM(1) X kL% /Q15 PM(2)
and ZM(1) < k“ V1/Q1 < ZM(2) in the k-plane is covered by a
net with mesh size PM(3) by 2ZM(3). If the value of PIZIL is
set to one in SUBROUTINE TYPIN, PM and ZM are interpreted
as the 1logarithms of the wave numbers, that is PM(1)
5]ogﬂﬂy/ﬂﬂ < PM(2) etc. The size of the meshes will then
vary logarithmically.

In the first section of code, a number of variables are
given their properly normalized values and the plasma para-
meters are printed. The number of the last component with
non-zero density 1is stored in the variable JMA, which
appears as an argument in the call to DIFU. Most of the
communication between the main program and SUBROUTINE DIFU
takes place through the common areas /XPZ/ and /COUT/. The

variables in /XPZ/ are:



XX(J) = m/nl], normalized frequency of component J(COM-
PLEX).

PP(J) = kij/QJ' normalized perpendicular wave number.

Z72(J) = kH VJ/QJ, normalized parallel wave number.

A(J) = o1 (see Eq II-8).

B(J) = ap7 (see Eq 1I-8).

D(J) = AJ (see Eq I1I-8).

ASS(J) = particle mass in units of the proton mass. The
electron mass is set to zero.

VD(J) = Vgg, normalized drift velocity (see Eq II-8).

DN(J) = number density in particles/m3.

TA(J) = temperature in keV.

Xp(J) = w;J/mz(See Eq II-6) (COMPLEX).

Ccv = ¢/Vqy, speed of light/thermal speed of first compo-

nent.

These variables must all be given their proper values for
J £ JMA before SUBROUTINE DIFU is called. The remaining
variables are not used by DIFU, but they are needed to
communicate with TYPIN. XC is the electron gyrofrequency in
kHz, and PM, ZM, XOI, and PZIL were discussed above.

The results from SUBROUTINE DIFU are returned through the
common area /COUT/, which also is used to transfer the re-
sults to the output routine OUTPT. The variables in /COUT/

are:

X = (u/SZ1 (COMPLEX)

P = klv1/sz1

Z = ky V1/sz1

EFL = Electric field components (Eq VI-7). |EFL| =
1 mV/m. The circularly polarized part of the field
rotates in the right handed sense if Im EFL(2) > 0
(COMPLEX) .

BFL = Magnetic field components in y (COMPLEX)

DIR = Value of the dispersion function D(w, k) (COM~-
PLEX).

DIX = 913D/3w (COMPLEX)

DIZ = 91/V18D/3k“ (COMPLEX)




DIP = 91/V13D/8kL (COMPLEX)
EPS

a (6, 4)-array containing elw o k) and its
derivatives x ag/a X, 2z 3g /3z, and p dg /ap
(COMPLEX)
VG(I), I=1: Perpendicular group veclociy/Vj.

I=2: Parallel group velocity/Vjy.

SG(I) = Im x/VG(I). Can be used to estimate the spatial
growth rate.
RI = kc/w, refractive index (COMPLEX).

When DIFU is called with the first argument equal to two,
the values of DIR and DIX are returned. Using Newton's

iteration method, a correction.
CX = DIR/DIX (VII-1)
is calculated, and an improved approximation to the solu-

tion of the dispersion relation is obtained by replacing X
by X-CX. This process is repeated until |CX| £ 1076 |x

n

Setting the first argument to four, we make one more call
to SUBROUTINE DIFU, which returns the values of DIR, DIX,
DIZ, and DIP as well as EFL and BFL. A last correction to
the frequency is made, and the values of VG, SG and RI are
computed. The results are printed in SUBROUTINE OUTPT.

When a solution to the disperison relation is found at one
value of k, the wave vector is incremented by Ak as pre-
scribed by the KFS parameter in TYPIN. If KFS = 1, PM(3) is
added to P, while 2ZM(3) is added to z if KFS = 2. A new
start approximation for the frequency is calculated as o -
Ak dw/9%k, and the iteration starts again. This is repeated
until the dispersion relation has been solved at all the
points specified by PM and ZM. Control is then returned tc
the user by a call to SUBROUTINE TYPIN.



TIME= 22/04/14 - 14,320,489

FROGRAM WHAMP

COMPLEX X:XG,XVUuXX(&):XP(b)»DX,UME:FPX7DIRaDIX:DIZ,DIP,
# EFZ (L, 4), 000G DOZ, DOP, 0X, EFL(3) , BFL(3) » KT

DIMENSION RENCA) s TOAY ST(A), ISP (A, ITID(T)

CHARACTER SFE#Z (5)

COMMON /XPZ/ XX FFCEY 2 ZZCEY s ACA) s BOA) s THA) » ASS(A) , VI &) ,
) ONCA) - TACE) s XPS UV FMO2) 5 ZMO2) , X0T, XC, PZL

COMMON /oy / XoFs ZHEFL BFL, DIR, DIX, DIZ. DIF, EFS, VE(2) , S6(3) . R1

DATA DN/ AL OEA, O OEL, O.E6, 0. ,0.,0. /7,
# OTA/.001,.,001,.,001,.001,.001,.001/,
H /1.0 1.0,1,0,1.0,1.0,1.0/,
# A/ 1.1, 1.51.0.1.075
H E/70.,10,0.10,0.10,0,10,0.10,0.10/,
# /0., 0., G000, 20/
O/, 0..0,0,0,,0,4,0./,
BOXIT/ER B0/

DATA ZFE/ E- 75 "H+ 5 "HE+", 0+ 5, @ i

WP =)

1 DEN=0.
FET=0,
Dy 2 od=1,4
REMOD =18324, 1 #ASS ()
ITFORENCGAY JEQL O.) REN( ) =1,
TCH=TALL/TA(L)
TSP (N =30RT(ASS (1))
TFCISPOD LT 4) ISF(D=ISF(J)+1
TFCONCD D LE.O.) E0OTO 2
MINTSEN
FED=REDI+TN (.3 FREN{L)
TFLISF D JER, 1) DEN=DEN+TING.I)

2 ODIONTINUE

RN=REM(1)

¥ied NORMALIZED TEMPERATURES AND VELOCITIES. ###%

2 d=1,.0MA

REN G =REN(.1) /RN

T =TLD*REN ()
OETOCH=ZRRT (T O

LEF =1 2405,
FFO=RED/TEK
FX=SURT (FFR)
XA X1/ RN
TR=TA(1) /RN
CVETR¥CLOZEL 4TR) / (511, +TR) #33
CV=1. /SORT (0Y)
HEK =LEK KN
#esr PRINT PLASMA PARAMETERS.  s#ss
CALL CLOCK{ITIN
FRINT 100, (ITID(E~1),1=1,4)

100 FORMAT (3 OATE 3, T4, %%, A2, %%, 02, % TIMED 3, 2, %, #, 42, . 3, 07, /)

FRINT 101,FX, X, DEN
101 FORMAT (+ PLAZMA FREM. @ #F3, 38KHZ GYRD FREQ, s #F 8., 25k K7 #
#  #ELECTROM DENZITY:%EY, 2#M-Z2/)
D4 =1, .0M0
102 FORMAT (% #AZ%  DN=#E9, 3%  T=#F7,4% D=%F4,7
He O=xF4, 0% HB=¥F4.2% VUD=xF&,2/)
4 FRINMT 102, ZFE(TSRP O DG, TAGH - DOD A0 BO) - VTI{)
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IF(NPLLER. L)Y GOTO &
e ASK FOR OINPUT!  sess4
BOoCALL TYPIN(MRL, KFE)
IF(NPL.ED. L)Y G070 1
£ NFL =0
V=1
FLG=FMO1)
IF(PMIZ2) . LT.00) PLG=FMOZ)
=P G
ZLG=7M(1)
IFCZMO2Y LT 00y ZLG=IMIZ)
PEVAMES
IF(PZL.NE. 1.y G070 7
F=10., #=2PLG
=10, 580G
7 X=Xl
1O OME= (X XA ) ##2
FRX=FFii/OME
oo 11 =1, 00MA
XX G =XERENM(D)
FROD=PsST L
270D =7%5TD
11 XF O =DONCH /DEE/RENCL) /OME

CALL DIFUCZ, IMA, TERR)
TF(IERR.NE. Q) GOTO 50
ey START OF ITERATION,  #xss

o 20 I=1.20
ADIR=CABS (IR
TRE=0
CX=NTR/L1X

15 Xe=d--10¥
UME=( X#XA)##Y
FrRX=FFi/OME
e 14 =1, 0MA
XD =0N D /0EE /RENCD) /OME

1A XX =X#RENCD
IF(CARS(CX) JLEL LW E-&XCARS (X)) GOTO 20
CALL DIFU(Z, . JMA, TERR)
IF(TERR.NE. Q) GOTO 50
IF(CARS(DIRY LLT.ADIR) GOTO 20
A=X+0X
A=Y/ 2.
TRE=1IRKk+1
IFCIRELGT. 20) S0TO 25
GIOTD LS

20 CONT INUE

CEOPRINT 105,P, 25X, 15 1IRE
105 FORMAT(Z2Y . #NMO CONVERGENCE ' #/%  EP=%,F&,. 3, % KZI=#,
+ Fha. 4,8 ¥=#,E12.2,.E1Z2.2/% I=%,132,% IRE=%,132/)
#e¥ CONVERGENCE! ¥ HH
0 CALL DIFULL, IMA, TERR)
TF(IERRKR.ONE. Q) GOTOE 50
XX -DIR/DITX

X T=ATMAG (XD

VL) =P /BTN

Dz =1 2 /DY

RT=E0RT (PreZeZaed) 20V /X
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IF(VGEOL)Y JNE.OL) SG1)=XTI/VGE(L)

TFIVGE2) NEL QL) SG(2)=XI/VG)
###% PRINT THE RESULTS.  #xas

CALL DUTET

=P

FARL YA

=¥

IF (VL ER. Q) GOTO 25

XWi=¥

I\N1=12

=206

W =R

FLO=FLG

No=01 X

nazZ=017

TIOF=01E

=)

GOTO 24, 28) EFS

PLG=PLGHFHM )

#¥#4% LWFODATE P AND Z. HEHHR
ITF(PLG.GE.PMO1)Y.ANDLPLG.LE.FM(2)Y)Y GOTO 2%
ZILG=2LG+ZMOR)
TRFOZLGLT.ZMO) L ORLZLGLGTOZMOZ)Y)Y) GOTO 5
Ev=1
FLG=FLO
F=FVI

7 I=7LG+PZL# {10, #x ZLG-7L0G)

FOITO 40

ZLG=ZLG+ZM)
IF(ZLG.GELZMOL) D ANDL ZLGL.LE. ZMO2) ) GOTO 27
PLG=FLGHFM ()
ITFPLG LT PMOD) LORCPLG.GT.FM(2)) GOTO S
BV=1
ZLG=ZL0
Z=7N
F=PLG+PZL# (10, ##PLG-FLG)
w3 NEW START FREDUENCY. s
IF(EV.ER.O) G0TO 41
DEF=P--PVI
L Z=Z~ZVI)
DiX= (DR« DO+ DR Z #0027 /00X
K=XVO--TI%
GOTO 10
DR =F~F
[ Z=2~-70
[=(IEP* DI+ ZEDIZ) /TITX
X=X 00X
OO 10
FRINT#, =~ TO HEAYVILY DAMPEDY -
FRINT#®, - g
TERR=0
IF(EFS.ER. 1) FLG=1.E9%
TF(ERFS . ER.Z2) ZLG=1 ,E%Y
GOTO 25
CONTINUE
EMT




INPUT/OUTPUT

The idea behind the input/output routines is to provide a
maximum of flexibility with a minimum of typing. This ver-
sion of the code is written for a NORD computer, and since
some details are machine dependent, modifications may be
required if the program is moved to another computer. The
input/output arrangement described here has however been
found very useful, and implementation of similar routines

can be recomended.

When the subroutine TYPIN is called, the user is asked to
give input to the program by the prompt "INPUT:". By re-
sponding with "H" (for HELP!) he will make the following

printout appear:

AN INPUT LINE MAY CONZIST OF URP TO 20 CHARACTERS.
THE FORMAT I3

MAMEL1=V11,V1Z, V153, .. NAMEZ=VE1 . V22, . . . NAME

THE NAMESZ ARE CHOSZEN FROM THE LIST:

NAME FARAMETER

AT THE ALFHAL FARAMETER IN THE DISTRIBUTION.
(I) I THE COMPONENT MNIMBER, I=1 - &,

B(D) THE ALFHAZ PARAMETER IN THE DISTRIBUTION,

C THE ELECTRON CYCLOTROM FRE@. IN EHZ.

0T THE DELTA FARAMETER IN THE DISTRIBUTION

F FREGUENCY, START VALUE FOR ITERATION.

L L=1 THE F AND Z FARAMETERS ARE INTERFRETED

A% LOGARITHMES OF THE WAVE NUMBERZ. THIS
OPTION ALLOWS FOR LOGARITHMIC STEFS,
L=0 DEFAULT VALUE. LIMEAR STEPE.

M{I) MASE IN UNITS OF FPROTON MAZES.
N{I) NUMBER DENSITY IN PART./CURBIC METER
P FERFENDICULAR WAVE VECTOR COMPONENTS.

F{1) IZ THE SMALLEST VALUE, F(2) THE
LARGEET VALUE. AND PCZ) THE INCREMENT.
= STOR! TERMINATES THE FROGRAM,
T TEMFERATURE IN KEV

VL) DRIFT VELQCITY / THERMAL VELDCITY.
AR, Z-COMPONENT OF WAVE VECTOR. I HAZ THE

SAME MEANING AZ FOR P(I).

A NAME WITHOUT INDEX REFERZ TO THE FIRST ELEMENT. "AY 1=
THUS ESUIVALENT TO "A(1)Y",. THE VALLES V11.V12... MAY BE
SRECIFIED IN I-, F-. OR E-FORMAT, SEFARATED BY COMMAC(. ).
THE "=" 1% OPTIONAL., BUT MAEES THE INPUT MORE READARLE.
EXAMPLE: INFUT:Al.,2. B(2).S9.F=,1,.2.1.E~2
THIZS SETE adl)=1., A =2., B(3)=.5, F{i)=.1, P(2)=,2,
AND FP(3)=,01. IF THE INCREMENMT FP(Z2)/Z(32) IZ NEGATIVE, FP/Z
WILL FIRST BE SET T0 P(2)Y/Z(2) AND THEN STEPPED DOWN TO P(LY /201
THE LAST SPECIFIED OF P AND Z WILL VARY FIRST.

IF THE LETTER "0 (WITHOUT VALLE) I3 INCLUDED, YOU WILL
RE ASEED TO SPECIFY A MEW OUTRPUT FORMAT.

INFPUT:
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Variables not specified in the input line generally retain
their old values. Notice however that the P and Z variables
(corresponding to PM and ZM in the main program) are some-
what different in the sense that specifying P(1) or 2(1)
may change the values of P(2), P(3) or 2(2), 2(3). The
effect of a specification like "P = P11, P2, P3" is con-
veniently thought of as "DO P = P1, P2, P3" with the con-
ventions that

a) It only Pl is specified, the loop is executed once with

P = Pl.
b) 1if Pi and P2 are specified but not P3, the loop is

executed twice with P = P1 and P = P2.
The same interpretation is given to the 7 parameter.

The first time TYPIN is executed, or if the letter O
appears 1in the input line, a call is made to the entry
point‘ INOUT in SUBROUTINE OUTPT. By printing "OUTPUT:",
this routine asks the user to specify the output format.
Answering "H" helps again, by making the following printout
appear:

OUTFUTs H
THE OUTPUT 1% DETERMINED BY A STRING OF LETTERS:

ALL AVAILABLE OUTRUT.

WAVE MAGNETIC FIELD COMPONENTS.
ODISFERZION FUNCTION AND DERIVATIVES.
WAVE ELECTRIC FIELD COMPONENTS.
FRECUIENCY .

GROUP VELOCITY COMPONENTS.
PERFENDICULAR COMFPONENT OF WAVE VECTOR.
REFRACTIVE INDEX.

SPATIAL GROWTH-RATER.

DIELECTRIC TENSOR AND DERIVATIVES.
Z-COMPONENT OF WAVE VECTIOR,

NAODTOTMO oD

THE REZULTES ARE NORMALLY PRINTED ON OME LINE IN THE ORDER THEY a8E

SPECIFIED. A NEW LINME I5 ORTAINED BY INSERTING & "/ IN THE
EXAMPLE: DUTPUT: PIF/E

THE WAVE NUMEERS AND THE FREGUENCY ARE PRINTED ON ONE LINE,
AND THE ELECTRIC FIELD COMPOMENTS ON THE NEXT.

CITHUT

This should allow the user to choose a suitable output

format.
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C TIME= 82/04&/14 — 14.30.4%

SUBROUTINE TYPIN(NFL.EFZ)

C ARGUMENTZ: NMPL NEW PLASMA. WHEN A FPLASMA PARAMETER 1%
C CHANGED, NPL IZ% SET TO 1.
C EFS = F SPECIFIED LAZT.
N =2 I SPECIFIED LAZT.
CHARACTER INF#20, I103%1
COMMON /XFPZ/ ARRAY (28)
DIMENZION TV )
DATA TOUT/2/.6F.KZ/1,1/7ARRAY(22) /0. /
Cowxer CORRESFONDEMCE BETWEEN ARRAY AND NAMES IN WHAMP: s

o ARRAY(IOF+ O 12 18 24 20 346 42 2 B4 &0 L& 78 7P 82 8BS B4 87
r XX FP ZZ & B DIt ASS VD IN TA XF CV FM ZM XOI XC FIL

1 IV=1000
FRIMT 2

2 FORMAT(/#8INPUT: %)
FREAD 2, INP

2 FORMAT (AZ0)
M=)

4 MT=NCAel
IF(MDLGT. 20y GOTO £
TC=TMNP NG NCD
IFCICER, - 7)) GOTO 4
I5=TIHAR(ID)Y . ANDL 1771

Caiyr IS 1% AN INTEGER CONTAINING THE VALUE OF THE ASCIT CHARAUTER [ s

IFCIS. LT A47R) GOTD 4
IFCIVLGT, 83) GaTo 7
IF(IS,GE,101R..AND, IS.LE. 13232R) GOTOD &
IF(IS.LE.S7RY GOTO 5
IF(IS.GE.72R.ANDL TS, LE. 100B)Y GOTO 5
ITF(IE.GE, 1338 GOTO S

{
TVUIEY=TV{IE) #DEK+ (T5-40R) #DEC
DEC=DEC#DERK /10,
MV=1
GOTO 4
i

SOIFCICLNE. 75 7)) GOTD 10

A TF(NV.NE. L) GOTO 7
IFCIOF.GT. &) GOTOD 25 '
IFCIOF . GT. 3. ANDL IVLGT. 66) GOTO 25
TF(IOF.GT. L. ANDL TV GT . 25) GOTo 25
IFCICER, "E) GOTO 2
ARRAY (IVHTIOF) =TV (1) #10, #xTV(Z)
TOF=10F+1
IFCIVLER. 7)) EP=10F
IFCIVIEGR.22) KI=10F

7 IF(NCLGT. 20 GOTo S0
HEK=10,
DEC=1,
TV{L)=0,
TV L)Y =0,
MY=0)
L E==1
ITFCTICED. 7, 7y G070 4
[Y=1009
TOF=1
IFCIC ER, Ay IV=24



IF(IC.EQ. "B~
IF{IC.ER., "7
IF(ICER.
IF(IC. EQ.
IFCIC.EQ.
IF(TIC.ER,
TFOIC. EQ. 7
IF{IC.EQ. S
IF(IC. EQ.
IF(IC.ER., 7
IFCIC.ER, 7
IF(IC, B, 7
TFOIC.EG. 7
IF(TCER, <

)

)

)

)

) GOTO 320

) IV=87

) IV=4%
7y IV=5E4

y GaTO 2

)y IVv=7%

) STOF

) IV=60

) Iv=4z

)

V=82

NCHMToOZICrITO

IF(IV.GE.1000) GOTO 27

IFCIV. LT &6.ORLIVLER. 24) NPL=1
IF(IV.ER, 7)) kEF=1

IFCIV.ER.7%) EFZ=1
IFCIV.ER.Z2) KZ=1
IFCIV.ER.22) KFS=2
GOTO 4

L

)
]

2 TOT=0
GOT 4

w E=2
LEk=10.
NEC=1.
GOTO 4

10 IF(IC.NE. “—7) GOTO 11
IF(TVCIR) D MELQ. ) GOTO 20
DEC=-NEC
GOTO 4

11 IF(ICONE. 7. 7)) GOTO 12
IFCARS(DED) NE. 1. ) GOTO 20
DEE=DEK /10,

DEC=0OEC/10.
GEOTO 4

[
b

IF(IC.NE. ") 7)) GOTD 4

IF(DEC.NE. 1. GOTO =0
IF(IE.NE. 1. OR.TV(1) . LE.O.) GOTO 20
IOF=TV(1)+. 1

TV(1)=0,

NY=0

GOTO 4

F0 FRINT 21,14

21 FORMAT (¢ AMBIGUITY CAUSED BY THE CHARACTER "#.ALl.#"¥%)

23 FRINT 24

24 FORMAT(» THE REST OF THE LINE I% IGNORED. PLEAZE TRY AGAIN!®)
GOTO 4

259 TV =TY{ 1) %10, 24TV
FRINT 246, TV(1)

26 FORMAST (¥ THE VALLE#,E11.32, % WILL NOT FIT IN THE VAIRIARLE FIELIn
GOTO 23

27 FPRINT®%, 73 HELF. YEZ OR NOTY




- 51 -
READ %, I
TFCIC.ER. 7N GOTO 1
20 PRINT 31
H1FORMAT (# AN INFUT LINE MAY CONZIST OF UF TO 230 CHARACTERS. s/

F»® THE FORMAT IZ:x/# NAME1=V11,V12,V13,....NAMEZ=V21,V22: ... .NAMER/
F % THE NAMES ARE CHOSEN FROM THE LISTix//
F #* NAME FARAMETER®/
F o ACD THE ALPHA1L FARAMETER IN THE DISTRIBUTION. %/
Foo® (I) IS THE COMPONENT NUMBER, I=1 - &.%/
Foo# B(I) THE ALPHAZ FARAMETER IN THE DISTRIBUTION, %/
Fox C THE ELECTRON CYCLOTRON FREG. IN KHZ.x/
F o= DD THE DELTA PARAMETER IN THE DISTRIBUTICGN®/
F = F FREGUENCY, START VALLUE FOR ITERATICON, %/
F o= L L=1 THE P AND Z PARAMETERES ARE INTERPRETED:t/
Foo® A% LOGARITHMES OF THE WAVE NUMBERZ. THIS®/
F o= OPTION ALLOWES FOR LOGARITHMIC STEPS. %/
Fox L=0 DEFAULT VALUE. LINEAR STEFS.#/
Foo® MOI) MASS IN UNITS OF PROTON MASS. */
Foo#® N(ID NUMERER DENSITY IN PART./CURIC METER®/
Fox P FERFENDICILAR WAVE VECTOR COMPONENTS. %/
Foo= FP{1) IS THE SMALLEST VALUE, P(Z) THE®/
F *® LARGEST VALUE. AND F(32) THE INCREMENT.®/
F # 4 STOP! TERMIMATES THE PROGRAM. *)
FRINT 22

22 FORMATC = T(I) TEMFERATURE IN KEV#/
F o V(I DRIFT VELOCITY / THERMAL VELOCITY.#/
Fow ZCID) Z-COMFONENT OF WAVE VECTOR. I HAS THE:/
Fox . SAME MEANING AT FOR P(I).%/
F# A NAME WITHOUT INDEX REFERZ TQ THE FIRZT ELEMENT, "A" IZ #/
F oo THUS ERUIVALENT TO "A(1)". THE VALUES V11.ViZ... MAY BE x/
F o« SPECIFIED IM I-, F-, OR E-FORMAT,. ZEPARATED BY COMMA(,) ./
Fos THE "=" IZ OFPTIONAL,. BUT MAKES THE INFPUT MORE READAEBLE. #/
Foo# EXAMPLE: INFUT:AL.,2., B(2).S5,P=.1,.2,1.E~2%/
Foos THIZ SETZ A(l)=1., A(2)=2., B(2)=.5, P(1)=.1, P(2)=.2.%/
Foo® AND FO2)=.01, IF THE INCREMENT P(2)/Z(2) IS NEGATIVE. P/Z%/
Foox WILL FIRST BE SET TO P(2)/Z(2) AND THEN STEFFPED DOWN TO
F s FOLY/ 20 %/
Fow THE LAZT SFECIFIED OF P AND Z WILL VARY FIREST. #/
F % IF THE LETTER “"0O" (WITHIUT VALLE) I% INCLUDELD, YOU WILLx®/
F % BE AZKED TO SPECIFY A NEW OUTPUT FORMAT.#/)

GOTo 1
S0 IF{ARRAY(34&)..GT.0.) GOTO 51
FRINT#, "% ZTART FREGBUENCY S
READH , ARKRAY (254)
1 GOTO(SZ2,53,54,95) KP
2 PRINT®, "% PERF. WAVE VECTOR UNDEFINED! -
GOTO 1
53 ARRAY (21)=ARRAY (20)
54 ARRAY (Z2)=ARRAY (21)-ARRAY (30)
S OIF(ARRAY(SZ) .EB.0.) ARRAY{(Z2Z2)=10,
GOTO (S54.57.58,59) KZ
Sh PRINT®, % PARALLEL WAVE VECTOR UNDEFINED!
GOTo 1
ARFAY (24) =ARRAY (22D
ARRAY (55) =ARRAY (24) ~ARRAY (23)
IF{ARRAY (E5) . ERN. 0. ) ARRAY (25)=10,
IFCIOUTONE. 1Y CALL INOUT
T0OUT=1
RETLIEN
ENT

00 ~d

o

-
"~

if



o]

B

o

10

1=
1%

26

W27

TIME= S2/06/14 - 14.30.4%

SUBROUTINE QUTFT

CHARACTER I0OLIxZO0

COMPLEX X-EFLI3)RBFLI2).DI(4).EFS(4&,4)5RI

COMMON /7COUT/ X P, Z,EFL. BFL. DI, EPS, VG(2) . 5G(2) . RI

L=k

IF(E.GT.EMX) FRINT &

IF(E.GT.EMX) RETURN

TC=TUHARC IO (KK ) . ANLIN. L 77H

IFCIC.ER. S7B) GOTO 5

IFCIC.LTLOI00RY GOTO

IC=10C—~100R

TFOTC.GT . 328) GOTO 1

IR=10/%

T0=1T0C~-1B%%+1

GOTO (2:32.4) IB+1

GOTOL, 10,18, 1,24,14,10,20, 1) ID
@ A B C D E F G H

GOTO(L, 15 1, 1. 1. 1+ 1.12Z. 1) 1D
I 4 ¥ LM N O F 2

GOTO( 24, 22,28, 1, 1, 15 1, 1,14) ID
R T W VvV W X Y Z

FRINT &

FORMAT(# #)

GOTa 1

Ry

FRINT 11.X
FORMAT (#% FRED=%,F7.4.E10.2,% )
IF(IC.GT. 1) GOTO 1

2 FRINT 13.F
P FORMAT (3% P=x,FB.4,% #)

IF(TE.GT. L)Y GOTo 1

PRINT 15,12

FORMAT (st Z=#,FE.5,% #)
IF(IC.GY. 1) GOTO 1

FRINT &

FRINT 17,EFL

FORMAT (%% EX=%.F7.4,F%.4,% EY=%,F7.4,F83.4,% EI=#,F7.4.F3.4.,% %)

IFCIC.GT. 1Y GOTO 1
FRINT &
FRINT 1%, RFL

FORMAT (#% BX=%,F7.4,F2.4,.% BY=#,F7.4,F8.4.% BI=%,F7.4,F3.4,% #)}

IFCIC.GY. 1) GOTO 1

FRINT 4

FRINT 21.VG

FORMAT (#% VGP=3#,EY.2, % VGI=#,E%.2.,% #)
IFCIC.GT. 1) G070 1

PRINT 23, =06

FORMAT (% SGEP=%,E%.2,% SGZ=%,E%.2,% ¥*)
IFCTIC.GT. Ly GO0 1

FRIMNT &

FRINT 2%,DI

s

o]

FORMAT (%% D=x, ZE10. 2, % OX=%,2E10.2,% [DI=%,2E10.2,
Foa P=%,2E10.2,/)

IFAYZT.GT. 1) GaOTO 1
FRINT 27.KI

FURMAT (%% Rl=%,2E10.2)
TFCIC.GT. 1)y GOTo 1}




—
i

[

fax]

ey

PN

F

=0

101

100

FRAN

104
105

T M T

F’

MM MM

...53...
FRINT &
00 20 J=1,4
N=1+1/4+1/6
M= =/ As3-1/ b
FRINT 29, ( (N, M EFS(1, 1)), I=1,4)
FORMAT (%% E#,211,%=%, ZE10,2, % EX#,Z11,%=%,2E10.2,
#EZ#, 211, #=#,2E10.2,% EP#,211,#%=%,2E10.2,/)
CONT INUE
FRINT &
GOTO 1

ENTRY INOQUT

PRINT®, "¢ QLITPUT:

READN 102, IOl

FORMAT(AZQ)

Doy 102 E=1,20
IFCIOLCREED JEQ. S ) GOTO 103
IF(IOWK:E) .EQ. “H7) GOTO 104
FPX =t

CONTINLIE

RETURN

FRINT 105

FORMAT (% THE OUTPFUT I% DETERMINED BY A STRING OF LETTERS:®//
ALL AVAILABLE OUTPUT.#/

WAVE MAGNETIC FIELD COMPONENTZ. %/

DISPERSION FUNCTION AND DERIVATIVEZ. #/

WAVE ELECTRIC FIELD COMPONENTS. #/

FREGUENCY . #/

GROUFP VELOZITY COMPONENTS. #/

FERFENDICULAR COMPONENT OF WAVE VECTOR. %/

REFRACTIVE INDEX.#/

SFATIAL GROWTH-RATES. #/

DIELECTRIC TENZOR AND DERIVATIVEZ. %/

Z~COMPONENT OF WAVE VECTOR.#//

THE REZULTS ARE NORMALLY PRINTED ON ONE LINE IN THE ORDER#*
THEY ARE#/%# SPECIFIED. A NEW LINE IS OBTAINED' BY INSERTING Ax
"IN THE STRING. %/

EXAMPLE: OUTPUT: PZF/Ew/

THE WAVE MUMBERSZ AND THE FREGUENCY ARE FRINTED ON ONE LINE, %/
AND THE ELECTRIC FIELD COMPONENTZ ON THE NEXT.#//)

GOT 101

END

N TR oTMeEmD

W& A oK R % ok %k ok k% ok & X ok & ok



VIII. Discussion

In this report, the following general assumptions are made

about the plasma and the waves:

a) Homogeneity

b) The particles are non-relativistic

¢) The plasma distribution function is of the form (I1II-8)

d) The waves are linear

e) The frequency w is complex but the wave vector k real

f) The waves are not to heavily damped, i e Im w> —k“ or
Im w> - Re(w - n).

Apart from this, there are no restrictions on w or k. Some
of the assumptions above can be further relaxed without
much effort. Instead of Equation (I1I-8) we may in c¢) take
any linear combination of Maxwellian components. The
assumption e) can probably be omitted if all variables
associated with k in the program are declared as COMPLEX.
This méy be desirable if the method is used in a ray-

tracing program.

The main approximation made is the introduction of a Padé
approximant for the plasma dispersion functon 2. This
forces us to make the assumption f) above, and will cause
small but striking errors in Im o when the frequency is
almost real. In practice, these difficulties are not to
severe, since strongly damped waves usually are of limited
interest, and the weak spurious "numerical" instabilies
which sometimes appear are easily recognized and disre-
garded. It is however important to keep their existence in
mind. When Im «> 0, the error in the Padé approximant is
negligible compared to the error in R(y,A»), which is 510"6
Ry, 2.

Although the errors in the basic functions 2 and R are
rather easily estimated, it is in general very difficult to
say anything about the accuracy of the dispersion function

D( w, k) or the solution w (k) of the dispersion rela-




tion. Since the interesting case is D(w, X) = 0, we can
expect that the most significant part of g will cancel in
the calculation of D, and truncation errors may thus become
important. No sign of this has been seen in the tests made
up to now, but since only a small corner of the whole 47-
dimensional parameter space has been investigated, the
possibility can not be ruled out. Users of the program are
therefore adviced to handle unexpected results with reason-
albe suspicion, and to try to confirm them by independent

methods if possible.

I would appreciate if significant errors in this descrip-
tion, and in the results produced by the program WHAMP,

were reported to me.
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