5.2.2 Complex eigenvalues

This exercise leads you through the solution of a linear system where the
eigenvalues are complex. The system is

a)

T = x— Y,

y = x+uy.
Find A and show that it has eigenvalues Ay = 1 + 14, Ay = 1 — 4, with
eigenvectors vi = (1,7), v +2 = (—i,1). (Note that the eigenvalues

are complex conjugates, and so are the eigenvectors—this is always the
case for real A with complex eigenvalues.

Solution: This gives

1 -1
<1 1), = 7=2, A=2,

and the eigenvalues become

T+ VP IA
2

Mg = =141

1. )\1:1—|—Z Vlz(i,l).
2. )\2:1—2 V2:(—i,1).

The general solution is x(t) = c;e*vy + ce*?'vy. so in one sense we're
done! But this way of writing x(¢) involves complex coefficients and
looks unfamiliar. Express x(t) purely in terms of real-valued functions.
(Hint: Use ™! = coswt + i sinwt to rewrite x(¢) in terms of sines and
cosines, and then separate the terms that have a prefactor of ¢ from
those that don’t.)

Solution:

x(t) = c e+t ( 11 ) + cyel—0t ( —; )

= ¢ [cl(cost—l—z'sint) < 1Z ) + co(cost — isint) < _1Z )]

= ¢ [(cl + ¢9) cost < (1] ) — (1 + ¢o) sint ( (1) )1
+ e l(cl — ¢9) cost ( (1) ) — (¢1 — o) sint ( (1) )]
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With ¢q, co = a 4+ ib we can allow for arbitrary initial condi-
tions.



