The Fokker-Planck equation

We will

@ Derive the Fokker-Planck equation which is an expression for 9P /0t.

@ Make use of this to show that Brownian dynamics gives
P(x) oc e YOI/ T,

by demonstrating that

(Z—I: =0 if P(x)oce YOIT,
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Derivation of the Fokker-Planck equation

Consider starting from some probability distribution P(x,0) at time t = 0.
The change to this distribution with time comes from two terms:

P(x,A¢) = P(x,0) — /df( D(x — %, At|x,0) P(x,0)
4 /d>~< D(x, Adlx — %,0) P(x — %,0). (1)

Here D(x — X, A¢|x,0) describes the dynamics, it is the probability that
the particle which was at x at t = 0 is at x — X at time A;.

The second integral is the probability that the particle originally at x — X
will be found at x at time A;.

The first integral is simplified with the use of

/d)"( D(x — X, A¢|x,0) =1, (2)

which is just a statement that the particle originally at x has to be
somewhere a time A; later.
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Derivation of the Fokker-Planck equation. .. cont'd

With P(x,0)/0t = [P(x, A¢) — P(x,0)]/A¢ one finds

8P(8)? 0_)At = —P(x,0) +/d)~< D(x, A¢|x — £,0) P(x — X,0).
With
f(x) = D(x + %, A¢|x, 0) P(x,0),
this is 9P(x.0
—g; Jn, = —P(x,0) +/d>”< Flx = %).

Peter Olsson (Umed University) Stochastic simulations 1: Sec. 2-3 September 22, 2022

3/9



Derivation of the Fokker-Planck equation. .. cont'd
With f(x) = D(x + X, A¢|x,0) P(x,0) and the expansion

Z —X)" 9 (x), this gives

n! x”
n=0 8

OP(x,0) _

_ P(x,0) (=" o" 1 < on <
= A -1-2 T B P(X,O)At/dxx D(x + X, A¢|x,0)

0 1 02
—a [P(X, O)Ml] + 5@ [P(X,O)MQ] s

Q

where 1
M, — /d>“< 27D(x + %, Arlx, 0),
Ay

and the n = 0 term in the sum cancels the P(x,0) term. This is the
Fokker-Planck equation.
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The Fokker-Planck equation

Summary:

The Fokker-Planck equation describes the change of the probability
distribution function with time:

8P((9);,0) ~ _% [P(x,0)Mi] + ;8 5 [P(x,0)My],

where 1
Moo= 5 / d% $7D(x + %, Ae|x, 0).

t
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Application of the Fokker-Planck equation

What is the stationary probability distribution for a particle in a one
dimensional potential U(x) at temperature T, with Brownian dynamics?

We then need to evaluate the integrals over D(x + X, A¢|x, 0), related to
the dynamics,

A

Write as a delta function!
. A - Ay .
D(x+X, A¢|x,0) =0 X—l—;F—I—nAt—(x—i—x) =0 ;F—i—nAt—x .

The relevant quantities are My and M, averaged over the random noise:

At o At o
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Application of the Fokker-Planck equation. .. cont'd

With M,,:i<<ﬁF+nAt> > and
At o
2T
F=-0U/d =0 %)= ——
/Ox,  (n)=0,  (n%) Ve
we get, to lowest order in Ay,
10U 1 10U
M = ——22 & = VA, = —— 22
! a6x+At<n> t a Ox’
and
1 AOUN? AU an2| 2T
M2_E <—;§> —2E§<77>At+<77 AL =
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Stationary solution

Our equation is

8P 1 92
E - [PM1] + = % [PM;] .
With 1 ou 2T
M]. = M2 =
Ca0x’ «
this becomes
0P 10 [,0U] TP
ot ~ adx | Ox a Ox2’
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Stationary solution. .. cont'd

We now want to demonstrate that P < e~Y/T is the stationary solution to
the F-P equation, i.e. that it gives 9P/0t = 0. First note:

1 (U _10U),
T2 \ Ox T 0x?
We then have

9 [p0U] POV LPU 1 (0UNP, 2P
Ox | Ox| Ox Ox ox2 T 0x?

oy OP_ 10U, 9P

X Tox aE

P.

and we arrive at
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