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�/!ª;�#&'�< +� N' � +x! )�����+�L�-/. '(!ª%,+�L,34-8!*!$+43�%,+4M �/: +�!ª%,#� $-8LK#,5��/?�+��
*,+ ( +H* - $&� � (&*�� �JI *�KMLON �QP�K ����!&2
 "%�'9#®-/. %,+�!kMN'SRn3�)*7(%®%,-¨#,+�?��/L:�/%,+[%&5$+ ��+��/!*'(!*: -/.�%&5$+ � -8L,M*# complicated

�/!$M
complex

� ! 5��/%�M*-ª+4#�%&5$+�7.�/%&%,+�L � -8L,M0��+��/!k'(!B?*L,+4#,+�!ª%�34-8!ª%,+���%  0�5$+�L,+#�/L,+?*L,-����	�*7(; �/7���-<#&%"�8# ���/! ;[M*+�*$!*'(%&'9-8!$#K-/.���34-��F?*79+��#&;N#&%,+�� �8#I%&5$+�L,+ �/L,+�#,3�'9+�!NR%&'9#,%,# � -8L���'(!*:	'(! %&5$++* +�79MA A�*)*%x5$+�L,+ �/L,+@% � -	+����	�F?*79+4#/TVUXW <?YZE\[]6�^`_bac_b8d6bY�eH_
<f5(6g8hFiCf8kj9amln6A_be B 5o<?>&pbq#5 W 8;er<?5s<f>tjD<f8hFueH_glfe v W q#[S8�8w<mqx5(ln6b>A_b8wC?5\lyC?5\lmzc69>Ae pAa
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� -8L,M complicated

'(!»%&5*'9#�34-8! %,+��N%�5��8# ��#6-���+ � 5��/%�MN' ��+�L,+�! %x34-8!*!$-8%:�/%&'9-8!% A�/!+����	�F?*79+n-/.$��34-��F?*7('93��/%,+4Mk#,;�#&%,+�� 34-8)*79MB'(!$#&%,+��8M8��+ � ���83,5*'(!$+ � '(%&5 ��7.�/L&: +!ª)��,��+�Ln-/.�?��/L&%,#��k ±.�-8!$+�#,)�� )*? %&5$+�34-8! %&L&'��*)*%&'9-8! -/.�+��83,5�?��/L&%�-8!$+ � -8)*79M
"



T ������� �����	��
 �������� ��� � � ��� ���� �

: +�%x%&5$+ �83�%&'9-8! %&5$+>���83,5*'(!$+ � �8# �*)*'(7(%x%,-?�+�L . -8L��'� 4 34-��1��-8!k+����	�F?*79+F-/."�34-��F?*7('93��/%,+4M�#,;�#&%,+�� 7('�� +�%&5*'9#�'9#&�/!4�/'(L&?*7.�/!$+��
�k��� � �~%7� ���!� �������

� ���>�;�
0�5$+F?��/L&%&'93�'(?��/!ª%,#®-/.&�!$+�% � -8L�� A�?�+4-8?*79+� ¹?�- � +�L,#&%:�/%&'9-8!$#� 134-��F?��/!*'9+4#®+�%,3���O �/L,+3��/7(79+4M 5\</ln6b_ �t0�5$+�;,�*)*'(79M®)*?@%&5$+�!$+�% � -8L����ª;�MN' ��+�L,+�! % ��'(!$M*# -/.�34-��1��)*!*'93��/%&'9-8!
��'.�@7('(!���#&��+�% � +4+�!»%&5$+��'�H0�5$+�#&'�< +�-/./�@!$+�% � -8L��	'9#K%&5$+x%,-8%:�/72!ª)��,��+�L�-/.1!$-�M*+4#'(!�'(%� 

N
�

� 
 �.�A�

a)

b)

�����! #"%$'&)(+*-,/.102436587:9<;87=2?>�@-0�A4B-2436>
587C9C;87=2�DE3EBGF
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i
�x "!»%&5$+�3��8#,+@-/. �[MN'(L,+43�%,+4M !$+�% � -8L����n!$-�M*+�5��8#

��-8%&5 �/!�'(!NR �/!$M �/!�-8)*% R±M*+�:<L,+4+� M*+�!$-8%,+4M
ki,in

�/!$M
ki,out
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ktot = 1

2

∑N
i ki

�/!$M�%&5$+ ��� +�L:�/: +M*+�:<L,+4+['9#
kav = 2ktot/N
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ktot =

∑N
i ki,in =

∑N
i ki,out�/!$M¨%&5$++��� +�L:�/: +®M*+�:<L,+4+�'9#
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P (k)
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P (> k)

�s0�5*'9#MN'9#,%&L&'��*)*%&'9-8!�'9#F:<'���'(!*: %&5$+�?*L,-����	�*'(7('(%±; %&5��/%��/! �/L��*'(%&L:�/L&;�!$-�M*+�5��8#�� M*+�:<L,+4+
[]C?> B 6b> %&5��/!

k
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P (> k) =

∫

∞

k
P (k̃)dk̃.
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DE7:B�� ;����@!7<;�� 7C7:B B�� 2?7

i
. B-2

j �
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��0�5$+
shortest path
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�/7(7�!$-�M*+4# � '(7(7
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Z =
xi − x̄

σ
,
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� 5$+�L,+ xi

'9#�%&5$+x!ª)��,��+�LK%,-1��+�%,+4#&%,+4MA 
x̄
�/!$M

σ
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x > xi
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Z =
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+
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ki,in = ki,in + kj,in − Ncommon,in

. B-2
ki,out = ki,out + kj,out − Ncommon,out �

9%0 ��BG7 B�� 247
. BG2 ; � � DE3EBGF � . 587 �4A4;�3EB .%; 5 . B-2���� ;�� F 7C7���;��47��A��� ;874� � 3 �:7�9��1B�� ; . B ; �

 ±.234-��F?��/! ; 4 ���	� +4# �x. L&'9+�!$MN7(;�%:�	� +4-�� +�L"�/!$M �*)*;N# )*?34-��F?��/! ; 4  6�/7(7�%&5$+
�8#,#,+�%,#�-/. 4 � '(7(7E��+�79-8!*:%,- 4 �¡0�5$+®34-��F?��/!*'9+4#x%&5��/%�5��8M ��-8!$+�;	'(!;� +4#&%,+4M»'(! 4
� '(7(7�!$- � 5���� +'(!;� +4#&%���+�!ª%,#�'(! 4 '(!$#,%,+��8M �/!$M %&5$+-8!$+4# � '(%&5 '(!B� +4#&%���+�! %,#n'(!
��-8%&5-/.¹%&5$+�� � '(7(7�!$- � -8!*7(;n5���� +�'(!;� +4#&%���+�!ª%,#�'(! 4 ��0�5$+x#:�	��+�%&5*'(!*:@5��/?*?�+�!$#.D-8L�%&5$-<#,+x%&5��/%$��-8%&5 4 �/!$M 4 5���� +�'(!;� +4#&%���+�!ª%,#�'(!%��J�-� �� <f8wC?[ Yg69> B eh5 B ��+��/!$#%&5��/%&�®!$-�M*+�: +�%,#&�/7(7�%&5$+x7('(!��N#I.�L,-�� %&5$+�!$+�'(:<5B��-8L�%&5��/%�'(% ��+�L&: +4# � '(%&5kA +��*34+�?*%%&5$+�-8!$+4#K'(%&�/7(L,+��8MN;�5��8#PO��} "!�!$+�% � -8L���7.�/!*:<)��/: +� $%&5$+�.D-87(79- � '(!*: � '(7(7%��+xM*-8!$+��/%+��83,5¨#&%,+�?kA *$:�� C6�(U�ObT
U��"( �/!$M*-��F7(;?*'93 �'�®!$-ªM*+� 

i
 � '(%&5	'(!NR �/!$M�-8)*% R±M*+�:<L,+4+ ki,in

�/!$M
ki,out

�

=6�"( �/!$M*-��F7(;�?*'93 �k-8!$+[-/.K'(%,#�!$+�'(:<5;��-8L,#� 
j
 � '(%&5k'(!NR?�/!$Mk-8)*% R±M*+�:<L,+4+ kj,in�/!$M

kj,out
 N%&5*L,-8)*:<5¨-8!$+x-/.t%&5$+�-8)*% R¦7('(!���#�-/.

i
�



�#
6��
 ��� � � ��� ��� =NU

C6� ¨- � + �/7(7�%&5$+¨7('(!��N# A�'(!NR��/!$M -8)*% R¦7('(!��N#PO�34-8!*!$+43�%,+4M %,-
j
 �#,-k%&5��/%[%&5$+�;34-8!*!$+43�%%,-

i
'(!$#,%,+��8MA� I�-ªM*+
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ki,out = ki,out+kj,out−Ncommon,out
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Ncommon,out
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;��?A����17<; ;��G7 3 B?> . BG2 � A4; > 247�� 587:7�/
ki,in = ki,in − Ncommon,in

. B-2
ki,out = ki,out + kj,out − Ncommon,out
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P (k) ∝ k−γ O � '(%&5 �/! +��N?�-8!$+�!ª%-/.
γ = 2.2

.D-8L
r = 8
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+�Cª)��/%&'9-8!$#K3��/! ��+ � L&'(%&%,+�! �8#
N

∂ki,out

∂t
=

ki,in

kl,out
P (ki,out, kl,out)(kl,out − Ncommon,il,out) +

P (ki,out, kj,out)(kj,out − Ncommon,ij,out) −

P (ki,out, km,out)
Cout(ki,out) · ki,out

km,out
+ r

ADC6�(U�O

N
∂ki,in

∂t
=

ki,in

kl,out
P (ki,in, kl,in)(kl,in − Ncommon,il,in) +

P (ki,in, kj,in)(kj,in − Ncommon,ij,in) −

P (ki,in, km,in)
Cin(ki,in) · ki,in

km,out
+ r

ADC6� = O
0�5$+,*$L,#&%K%,+�L���-8!¨%&5$+�L&'(:<5 %�5��/!$M #&'9M*+[A�'(! +�Cª)��/%&'9-8! C6�(U>�/!$M»C6� = O�'9#�%&5$+�! )��@R
��+�L®-/.�7('(!��N#®%&5��/%®!$-�M*+

i
: +�%,#1�/%@+��83,5 %&'���+#&%,+�? A ��+�L&:<'(!*: #&%,+�?¡O � 5$+�!�!$-ªM*+

l
��+�L&: +4# � '(%&5B!$-�M*+ i

�	0�5$+[#6+434-8!$MB%,+�L�� '9# � 5$+�!�!$-ªM*+ i
��+�L&: +4# � '(%&5k!$-ªM*+

j
 �%&5$+¨%&5*'(L,M %,+�L�� '9#[%&5$+�!ª)��,��+�L�-/.�7('(!���# %&5��/% !$-ªM*+

i
79-�-<#,+4# � 5$+�! % � - -/.'(%,#!$+�'(:<5;��-8L,# ��+�L&: +4# � '(%&5s+��83,5q-8%&5$+�L� �/!$M %&5$+¨. -8L&%&5s%,+�L��c'9#%&5$+»! )�����+�L-/.x7('(!���#[%&5��/%n!$-�M*+

i
: +�%,#�. L,-�� %&5$+�L:�/!$M*-�� 7('(!��N#[%&5��/% �/L,+	?*)*%['(! %&5$+»#&;N# R%,+��'�

P (kx,in/out, ky,in/out)
'9#1%&5$+�?*L,-����	�*'(7('(%";F%&5��/% ��!$-�M*+�-/.�M*+�:<L,+4+

kx,in/out
'9#7('(!�� +4M%,- �®!$-�M*+ � '(%&5	M*+�:<L,+4+ ky,in/out

�/!$M
Cin/out(ki,in/out)

'9#�%&5$+�. L:�83�%&'9-8!	-/.?�-<#,#&'��*79+ ��+�L&:<'(!*: #t%&5��/%1%&5$+I!$+�'(:<5;��-8L,#}-/. !$-�M*+
i
3��/!�M*-��>4�-8%&5

Cin/out(ki,in/out)�/!$M
P (kx,in/out, ky,in/out)

�/L,+�'��F?�-<#,#&'��*79+�%,- � L&'(%,+®-8)*%�+����83�%�MN)$+�%,-�%&5$+�34-��@R?*79+��N'(%±;�-/.�%&5$+�!$+�% � -8L��7� P (kx,in/out, ky,in/out)
M*+�?�+�!$M*#H-8! �x!$-8!NR¦%&L&'���'.�/7�M*+�:<L,+4+34-8L&L,+�7.�/%&'9-8!% �*)*%�'(!k%&5*'9#�3��8#6+�%&5$+n-8)*% R�%,-�-8)*% R±M*+�:<L,+4+ 34-8L&L,+�7.�/%&'9-8! '9#�%&5$+n# �	��+

�8#�%&5$+�'(!NRH%,-n'(!NR±M*+�:<L,+4+�34-8L&L,+�7.�/%&'9-8!»'(!�%&5$+�#&%,+��8MN; R±#,%:�/%,+[A #,+4+?*$:���C6� %#���/!$M4�¡O��0�5*'9#+���	� +4#@'(%�?�-<#,#&'��*79+[%,-¨%:�	� + -8)*%
P (kx,in/out, ky,in/out)

.�L,-��b+�Cª)��/%&'9-8! C6�(U
�F'(! )$#�+�C )��/%&'9-8! C6� =6�IJ�-� *'(!�%&5$+�#&%,+��8MN; R±#,%:�/%,+ � +�5���� +�%&5$+x. -87(79- � '(!*:[MN' ��+�L,+�!$34+'(!�L:�/%,+4#"��+�% � +4+�!�%&5$+x'(!NR �/!$M	%&5$+�-8)*% R±M*+�:<L,+4+�-/.)�®L:�/!$M*-�� !$-�M*+fT

(
∂ki,out

∂t
−

∂ki,in

∂t
) ∝

ki,in

kl,out
(kl,out − kl,in) + (kj,out − kj,in)

−

ki,in

kl,out
(Ncommon,il,out − Ncommon,il,in)

−(Ncommon,ij,out − Ncommon,ij,in)

−(Cout(ki,out)
ki,out

km,out
− Cin(ki,in)

ki,in

km,out
).
ADC6� C O

0�5$+�% � -+*$L,#&%�%,+�L���#�-8!�%&5$+�L&'(:<5 %�5��/!$M�#,'9M*+�M*-�+4#�� !ª%�#:�4;#� +�L&;���)$365�#&'(!$34+�%&5$+�;L,+�?*L,+4#,+�!ª%,#�%&5$+�M*+�:<L,+4+�-/./��!$+�'(:<5;��-8L���0�5$+�%&5*'(L,M��/!$M	%&5$+�. -8)*L&%&5¨%,+�L���#�-8!¨%&5$+-8%&5$+�L 5��/!$M[#:�4;N#1%&5��/%H' .�!$-�M*+
i
5��8#)��-8L,+K34-��1��-8! -8)*% R¦7('(!���#H%&5��/!n'(!NR¦7('(!��N# � '(%&5

�!$+�'(:<5B��-8L� ¹%&5$+F:<L,- � %&5k' .I%&5$+n-8)*% R±M*+�:<L,+4+ � '(7(7)��+F#&79- � +4MBM*- � !k34-��F?��/L,+4MB%,-%&5$+�:<L,- � %&5k-/.�%&5$+�'(!NR±M*+�:<L,+4+���Jª'��F?*7(;���+43��/)$#,+�%&5$+n! )�����+�L®-/.�34-��1��-8!�7('(!��N#
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